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ABSTRACT 
1. Theories on the dynamics of cavitation are critically 
examined, and are found to need clarification. 
2. The contents of a bubble formed from a submicroscopic 
nucleus are agreed to be almost entirely water vapor. 
This water vapor is shown to be unable to offer decisive 
resistance to inward flow during the finite portion of 
the collapse. 
3. The effect of compressibility of the liquid is analyzed 
in detail. It is found to reduce velocities noticeably, 
but does not, in itself, eliminate the anomaly of an in-
finite collapse velocity as the bubble radius approaches 
zero. The pressures in the fluid surrounding the bubble 
are found to be w$rkedly reduced by the assumption of 
compressibility. 
4. Energy is found to be continually transported inward 
during the collapse period. 
5. The mechanism of rebound of a compressible liquid is 
examined when the bubble collapse is arrested by an im-
movable barrier of finite radius. A shock wave is formed 
followed by a tension wave responsible for rupturing the 
liquid. 
6. The shock wave is estimated to carry off 47% of avail-
able energy, and limit rebound to 81% of former size. 
7. The maxLmum pressure in the outgoing shock wave is 
found to be incapable of damaging a metallic wall when 
the pOint of collapse is not on that boundary. 
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I INTRODUCTION 
Cavitation is a phenomenon which has attracted a 
great deal of interest and attention during the last 
thirty-five years because of its important effects on 
hydraulic machinery, reduction of efficiency of tor-
pedo propellers, and the increase in drag of high speed 
underwater missiles associated with cavitation. Its 
appearance reduces the efficiency of the machine and can 
cause severe damage. 
The property of liquids responsible for these oc-
curences is boiling, Or the ability of the liquid to 
transform into vapor at localized regions. Thus when 
cavitation occurs, there are ~kl phases of the liquid 
present similtaneously in a limited space. In the usual 
case, masses of bubbles form at one locality and collapse 
in another as ,the liquid moves through the system. This 
process is extremely complicated and not subject to very 
satisfactory analysis, though Ackeret (1)* has made a 
notable attempt. 
The practical consequences of cavitation cannot 
be too strongly emphasized. The direct result of allow-
ing severe cavitation can lead to rapid damage such as on 
the propellers of the French blue ribbon ship Normandie, 
which needed repair every fourth trip across the Atlantic. 
* Numbers in parentheses refer to Bibliography. 
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A reduction in efficiency accompanies this damage al-
though it is unusual for a machine to be operated for 
long periods of time in the low efficiency range for the 
sake of high output. 
However, the price of avoiding cavitation is ac-
cepting a minimum limit to local pressure, or a maximum 
limit to velocity, depending upon the pOint of view. This 
means that a hydraulic machine must be larger and run at 
a lower speed to accomplish a given duty. Thus the price 
of the physical equipment plus the installation space 
required all increase, simply because the liquid insists 
on boiling if given the opportunity. 
There is one well known application, however, 
where cavitation is encouraged for a specific purpose. 
Condensate pumps in steam power plants are so located that 
cavitation will occur at the i~peller inlet whenever the 
water level drops to a predetermined level in the con-
denser. The pump thereby elblina tes a difficult and 
expensive regulation, controls the amount of water in 
the condenser by cavitation, and runs at lower power con-
sumption than if it were throttled on the high pressure 
outlet line. The fact that damage is quite tolerable is 
attributed to the low output head of such pumps. 
As has been observed frequently, cavitation may 
occur in many forms and degrees of intensity. Thoma (2) 
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was aware that an index of cavitation was desirable and 
proposed the cavitation parameter 0-. This parameter 
was written for use with pumps, but has the disadvantage 
that variations in parameter occur from pump to pump and 
the definitions are not standardized. 
cr-= 
R. - n S 'V 
4P 
suction pressure of pump 
vapor pressure of liquid corresponding to its 
temperature 
4 P pressure rise obtained from suction to dis-
charge at the best efficiency point of pump 
As written for the flow of liquid about a submerged body: 
where Pv 
f 
vapor pressure of the liquid at its temperature 
static pressure 
uniform flow velocity a distance from the body 
liquid density 
Plesset (3) pOints out that three distinct regimes 
of flow are encountered which may be qualitatively cor-
related by the cavitation parameter K. The first regime, 
when K is large, is non-cavitating flow which consists 
of the liquid phase only. Compressibility effects are 
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negligible and the principles of analysis are well known. 
If K is made smaller a state of flow is attained in 
which a relatively small number of bubbles form next to 
the boundary of the submerged body. This is taken to be 
the second regime 0:[' flow, where the flow pattern es-
tablished in non-cavitating flow is not appreciably dis-
turbed by the presence of a few isolated bubbles. 
As K is further reduced bubbles are formed in 
increasing numbers until they merge into a large bubble 
mass and eventually form a large single cavity. This 
latter state, which is regarded as Regime III, may be 
called Cavity Flow and involves a major change in the 
flow pattern from the non-cavitating regime. If K is 
reduced more, the cavity merely increases in size. 
Most cavitation research, which has been con-
cerned with flows which cause physical damage, has been 
performed in Regime II and extended into the transition 
to Regime III. Such descriptive terms as lIincipient cav-
itationll and IIpl uming cavitation ll have been applied to 
the observed phenomena. 
The discussion to this point has been concerned 
mainly with steady flow of liquid relative to a single 
body. It is necessary, however, to point out that the 
word cavitation is very broad in general meaning and has 
been used to describe many different phenomena involving 
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~wo phase regions in liquid motion. 
Some examples of various types of cavitation 
observed are l~ted below: 
a. The cavity formed when a missile enters the 
surface of a body of water. 
b. The cavities formed by the trailing vor-
tices from propeller tips and hub. 
c. The cavity formed about a high speed body 
in liquid when complete separation occurs. 
d. The cavities formed at a vibrating boundary 
of a liquid mass. 
e. Cavities formed at a rebound of a liquid 
impact against a surface. 
The studies made in this paper are concerned with 
single isolated bubbles, and the vital role of compressi-
bility in their life history. Hence the results can be 
applied only approximately to Regime II. 
This work was engendered by the Hydrodynamics 
Laboratory at the California Institute of Technology, 
where the techniques of high speed photography developed 
and used in conjunction with the High Velocity Water 
Tunnel made possible the most detailed information yet 
available on the phenomenon of Cavitation. These data 
have inspired new theoretical work to extend knowledge 
of the life history of a bubble. 
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It was felt that a critical analysis of previous 
work on cavitation bubble dynamics would be a useful 
addition to cavitation literature in the English language. 
Nowotny (4) published a thorough but brief book in German 
on cavitation erosion, which has an excellent bibliography. 
The David Taylor Model Basin (5) gathered a thorough 
bibliogTaphy on the subject. However, no analytical 
study of previous work on bubble dynamics has been com-
piled. Therefore, the first portion of this thesis is 
devoted to a critical summary. 
THE BUBBLE COLLAPSE PROBLEM 
I. The Beginning of the Problem 
A study initiated in England in 1915 by the Pro-
peller Subcommittee of the Institute of Naval Architects 
because of the troubles encountered with warship pro-
peller damage started research work on cavitation. The 
interest aroused by this phenomenon has not abated in the 
last few years since no details of the problem have been 
solved conclusively. On the contrary. several schools of 
thought have been formed, each presenting its individual 
theory. 
The Propeller Subcommittee was commissioned to 
study the causes of severe pitting on the surface of pro-
peller blades. The report (6) published by them stated 
that the cause of this pitting was the localized repeated 
hammerihg that resulted from the collapse of small cavi-
ties in water directly on the blade surfaces. This phe-
nomenon was captioned cavitation, a name which has re-
mained dominant in the literature. 
An experiment was performed to sUbstantiate the 
statements made in the report. A submerged hollow cone 
with its apex completely filled with water was lowered at 
a uniform velocity. Its downward motion was suddenly ar-
rested by a mechanical stop, but the liquid inside was 
-8-
restrained only by small pressure forces. The water there-
fore continued in its downward motion, separating from the 
inside surface of the cone at its apex, thus forming a 
cavity in this region. Due to the effect of the pressure 
gradient, the bubble grew to a maximum size and subse-
quently collapsed. 
A metallic plate was retained over a small aper-
ture at the cone apex where the inrushing water, closing 
the cavity. would strike it at a small diameter cross 
section. By this means, the experimenters were able to 
shear circular slugs out of plate. Calculations based 
upon the shear strength of the plate showed that pres-
sures of the order of 300,000 psi had been exerted on 
the plate surface. By the fact that a finite surface had 
been presented to the water, they reasoned that the pres-
sures would be much higher on an infinitesimal surface or 
region encountered in c~mplete collapse. Hence pressures 
sufficient to damage most materials have been discovered. 
An analytic solution to the problem was brought 
forth by S. S. Cook (6) and Lord Rayleigh (7) inde-
pendently. proposing the following idealized problem. 
Suppose a spherical region of a liquid were suddenly 
annihilated. If the pressure at a large distance from 
the cavity were constant and greater than the pressure 
inside, then the cavity would close under the influence 
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of the pressure gradient. The solution which results 
when the fluid density is constant and when the pressure 
inside the bubble is constant has a singularity at the 
origin, r=o and the velocity tends to infinity as the 
radius of the bubble wall becomes smallerKi~ It was 
noted that the velocity was independent of absolute bubble 
size before collapse. 
Cook then proposed that an incompressible ball 
be inserted into the cavity and the instantaneous elastic 
pressure of contact be calculated. assuming the liquid 
to be compressible the moment contact commences. The 
pressures calculated approached infinity as the ball 
radius approached zero, since it was calculated on the 
basis of the forementioned analysis. 
Though this calculation was based upon a purely 
artificial hypothesis, the results were satisfying inso-
far as they showed that very high localized pressures 
are feasible in a liquid as a cavity collapses. 
Infinite pressures were disturbing, however, be-
cause any physical phenomenon has a finite limit if only 
enough pertinent data can be included in the analysis. 
The pressure distribution equations as written by Ray-
leigh for the case of an incompressible fluid are not 
if See Section 3:1 for discussion of this solution. 
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intuitively acceptable because the high spherical con-
vergence near the origin causes high pressures which are 
felt instantaneously at infinity. This produces inordin-
ately high pressures at large distances from the origin, 
while nevertheless properly satisfying the condition of 
constant pressure at r~ 00. 
Furthermore, the pressures produced in the neigh-
borhood of the bubble wall as it collapses led Rayleigh 
to state that his original assumption of incompressibil-
ity was violated when the bubble became fairly small. A 
calculation considering compressibility is to be desired, 
because the compression of the liquid requires energy, 
which is then subtracted from the total supply available, 
leaving less to form velocity. 
II. Review of Previous Research Work of 
Primarily Experimental Nature 
2:1. Trend of Research after 1919 
The work of Parsons (6), Cook (6), and Lord Ray-
leigh (7) demonstrated quite forcibly, despite some draw-
backs, that mechanical action due to closure of cavities 
in the liquid was responsible for severe damage to 
materials used in hydraulic equipment. Whereas many 
theoretical questions were still unanswered, the immedi-
ate practical problem in the years following was to find 
materials most suitable for use where cavitation was 
expected. 
2:2. Nature of Cavitation Attack 
Damage to w~terials was immediately divided into 
two categories: (1) Erosion due to mechanical action 
only. (2) 'Erosion due to a combination of chemical 
action plus mechanical removal of material. 
It is clear that ordinary corrosion will pro-
ceed at an accelerated rate if SOme mechanical action is 
available to remove the products of chemical attack as 
soon as they are formed, and thus prevent attainment of 
a chemical equilibrium. This process is the exact 
opposite of corrosion of Aluminum in air, whose oxide 
forms a tightly adhering layer which excludes air from 
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further contact with the pure metal. Thus materials 
susceptible to corrosion are naturally excluded from 
application, since cavit.ation will surely ac'celerate the 
rate of damage. Recently petracchi (8) has shown that 
reduction in attack can be obtained by use of cathodic 
protection methods. 
To show that mechanical action alone is sufficient 
to cause severe damage, a large number and variety of 
tests have been performed where corrosion is infinit-
esimal and thus mechanical action must account for the 
d:amage. This type of evidence is found in :almost every 
report, from the earliest investigations by Fottinger (9) 
on glass, down to the present day. In fact, some of 
the more modern tests of cavitation resistance are con-
ducted with intense action in such a short time that 
corrosion does not find time to act. 
In addition to these direct tests, microscopic 
examination of the structure of a specimen exposed to 
cavitation reveal the effects of mechanical action. 
Boetcher (10) reports a work hardening of the surface 
layer with the appearance of surface cracks typical of 
high pressure blows. FUrther, he remarks that the rough 
and pitted surface suggests the hannnering or removal of 
tiny pieces of metal. Most investigators of metallic 
damage reach the same conclUSions, according to vater 
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(II). Mousson (12) bases many of his conclusions upon 
the mechanical impact of the liquid~ and recognizes the 
strain hardenability of a material as an important 
factor. 
2:3. Test Apparatus 
The apparatus used for testing can be separated 
into two general classes: (1) Those seeking to repro-
duce cavitation in a form similar to its occurI'eneeoina 
hydraulic machine; (2) Those seeking to produce an im-
pact of liquid against a test specimen in order to study 
the effects on the specimen and modes of damage. The 
devices grouped under (2) were first evolved to allow a 
more rapid means of evaluating the erosion resistance of 
various materials. 
a. Venturi and Water Tunnel Apparatus 
The most natural step in studying cavitation is 
to reproduce it in the laboratory under conditions so 
controlled that actual effects can be simulated. The 
Venturi and/or Water Tunnel fulfill these requirements 
quite satisfactorily~ the principal distinction between 
the two normally being whether cavitation is produced on 
the wall or whether it is produced on a body inserted at 
the test section. 
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The Venturi with glass walls was the first 
device to demonstrate forcibly that mechanical hammering 
was the primary cause of cavitation damage. These glass 
walls were found by F'oettinger (9) to be etched in the 
region where the bubbles disappeared or collapsed. 
Since corrosion could certainly not account for the 
damage, blows of high intensity mus~ have attacked the 
glass. 
The Propeller Subcommittee of 1915 under Parsons 
and Cook (6) employed a Venturi \'later Tunnel with glass 
walls to study cavitation. The specimen was in the form 
of a rod mounted in the center in such a way that the up-
stream end was located in the Venturi throat. 
Foettinger (9), Schroeter (13), (14), (15), 
Ackeret (I), de Haller (16), Hunsaker (17), (18). and 
many others have also used this type of equipment in 
many varied forms.* 
The principal disadvantage of a Water Tunnel or 
Venturi became apparent from the first. Parsons and 
Cook (6) report that the rate of damage is comparatively 
slow, even when the throat is cavitating quite heavily. 
This experience is borne out by subsequent investigators 
and was a great handicap in the work of rating materials 
*A tabulation of investigators and a few notes 
on their equipment is included in Table I. 
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on their ability to resist damage. Studies were made by 
Hunsaker (17) (18) to determine the nozzle proportions 
producing the greatest damage while Schroeter (13) 
developed a nozzle-impingement combination which he 
claimed increased the rate of damage ten-fold. Never-
theless more rapid methods were sought. 
Another disadvantage was that an individual 
bubble or bubble mass formed and collapsed so quickly in 
a water stream of high velocity that detailed studies of 
the mechanism were extremely difficult. This inhibited 
fundamental studies in favor of more direct practical 
results. However, a recent report by Knapp and Hollander 
(19) indicates that new resolution is available by means 
of photographio techniques offering frame speeds up to 
30,000 per second. 
b. Impact iVheel or Wasserschlag Tester 
The Wasserschlag testing maohine first used by 
Honegger (29), accelerated the resistance rating of 
various materials against erosion. The mechanical 
features are illustrated in Figure I. A wheel with arms 
is so located that, as the wheel rotates, these arms must 
pass through a small stream emitted from an adjacent 
orifice. Thus each time a rapidly moving arm strikes 
the pencil of water, a broadside impact against the side 
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of the stream is produced. Each arm mounts a small test 
specimen at the proper point to contact the water stream 
and be eroded by these impacts. 
This type of tester was subsequently applied by 
a number of investigators, the most notable of whom were 
Ackeret and de Haller (21), Schwarz and Mantel (22) and 
Soderberg (23)."} 
In these machines the mechanism causing erosion 
is vastly different from that in the Venturi tube. Here 
a ready made, controllable impact is substituted for the 
dynamic impact arising from the closure of cavities pro-
duced somewhat upstream. The rate of erosion can be 
readily adjusted and reproducible test results are 
secured ata rate superior to that of the Venturi. 
c. Vibrating Specimen Tester 
In his 1935 Progress Report Hunsaker (18) 
includes some remarks about a new vibratory method of 
testing cavitation damage developed at M.I.T. In a 
subsequent paper Schumb, Peters, and Milligan (24) de-
scribe this equipment (Figure 2), the operation of which 
is based upon the magnetostriction property of nickel as 
applied by Gaines (25) to obtain a powerful source of 
*A tabulation of investigators and a few notes on 
their equipment is included in Table II. 
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sound.'::' 
The heart of the apparatus is a nickel tube, 
supported in the middle only, cut to such a length that 
its fundamental frequency of longtitudinal vibration is 
in the range desired. 6,000 to 8,500 cycles per second 
appear to be satisfactory to produce intense mechanical 
damage. The center portion of the nickel tube is sur-
rounded by coils connected to an electrical oscillator 
capable of producing an alternating magnetic field of 
great intensity and of the required frequency. When the 
oscillator is tuned to the natural frequency of physical 
vibration of the nickel tube, the amplitude of motion at 
the free ends of the tube becomes remarkably extreme. 
Since this occurs in the condition of resonance, the 
power required to maintain this state is small. 
One end of the nickel tube is then equipped with 
a device to mount various specimens to be tested, and 
this end is subsequently immersed in the test liquid. 
In its simplest terms, this type of tester pro-
duces cavitation bubbles because the pressure gradients 
available in the liquid are not great enough to permit it 
to follow the specimen as it accelerates away from the 
mass of liquid. As in all sinusoidal motion, the specimen 
4'A tabulation of investigators is also shown on 
Table III. 
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is shortly decelerated and its direction reversed for 
the inward stroke. The liquid boundary, which has been 
accumulating velocity in an attempt to follow the specimen, 
now rapidly overtakes the piston and an abrupt collapse 
occurs directly on the surface. When the acceleration is 
inward, the liquid is pressed firmly against the specimen 
suppressing any tendency for the bubbles to reopen. 
Rightmire (26) constructed a magnetostriction 
tester which placed the specimen at the bottom of a 
closed vessel containing the liquid, thereby obtaining 
a greater hydrostatic pressure Over the specimen. The 
Edgerton photographic technique was applied, and fairly 
clear photographs were obtained of the repeating bubble 
pattern at different times in the cycle of specimen 
motion. The bubbles were reported to form once during a 
limited portion of the cycle, and remain closed the rest 
of the time. A theoretical derivation of collapse pres-
sures based upon acoustic theory and an observed number 
of bubble sizes and locations was made.* 
The magnetostriction vibrator was a great boon 
to the study of material damage and modes of damage. The 
equipment required is small and relatively inexpensive. 
Great intensities of collapse can be generated, and thus 
erosion proceeds at a rapid rate, facilitating wider 
*See Section III for further discussion. 
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studies. 
It is to be noted~ however, that there are some 
striking differences between cavitation produced by a 
vibrator and that caused by localized low pressures in 
flow processes. Since no transverse flow is involved, 
the bubbles collapse on the spot where they were formed~ 
furthermore, the bubble pattern is normally stationary; 
that is, a bubble will form and re-form at the same spot 
relative to the specimen, subjecting the same spot to 
repeated blows. In the Water Tunnel, individual bubble 
collapses are distributed at random over the collapse 
region. 
There is some question regarding the effect of 
energy input from the oscillator to the mass of liquid 
surrounding the area where cavitation occurs. Rightmire 
(26) discusses this matter, as do Kornfeld and Suvarov 
(27) who observe a peculiar phenomenon called "dancing 
bubbles~" which detach from the surface of the vibrating 
specimen and move erratically through the liquid. This 
apparently indicates a forced vibration of the body of 
the liquid~ but its effect has not been explained 
satisfactorily. 
2:4. Other Experimental Work 
Some work has been done which does not fit in 
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the usual categories but which raises some interesting 
questions. 
a. Surface Tension and Adhesion 
In the process of examining the effects of sur-
face tension and also the effect of oil in the water, 
Van Iterson (28) found that a bubble forms an angle of 
contact with an oily boundary surface distinctly dif-
ferent from the angle of contact with a clean surface. 
On a clean steel surface, the angle was measured to be 
~o 222 , but when the surface was heavily greased with 
vaseline, the angle increased to 900 , indicating much 
greater tenacity for the wall. 
Van Iterson utilizes this fact to explain 
serious cavitation damage which was experienced by a 
pump which operated in oily water after testing satiS-
factorily in clean laboratory water. He suggests that a 
bubble which has a small angle of contact may be washed 
into the main current of flow and away from the boundary, 
whereas a bubble with a high angle of contact caused by 
greasy surfaces will continue to adhere tightly until it 
collapses directly on the wall. The second bubble is 
accused of perpetrating erosion damage, and it is to be 
noted that Stepanoff (29) agrees with this contention. 
It seems possible that two lines of study could 
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lead to favorable results. (1) Coatings should be 
found which hold the least attraction for bubbles. (2) 
Methods of displacing the bubbles away from a boundary 
should be studied. Perhaps devices analogous to slots 
used in aircraft wings would be effective. 
b. Precompression and Penetration of Materials 
Poulter (30) performed some interesting experi-
ments on the penetration of liquids into solids under 
unusually high pressures. If the molecules of the 
liquid were not too large. an actual infiltration ap-
parently took place when pressures of 50,000 Atm. were 
applied for five minutes or longer. 
When he allowed five minutes for the liquid to 
enter the solid (e.g. glass). and then suddenly released 
the pressure, the material was broken in pieces. If the 
time were extended to twenty minutes. sUdden release 
caused instant shattering. On the other hand, if he 
reduced the pressure gradually. no effect was observed, 
the liquid apparently having time to diffuse out of the 
material. It was not clear whether he suggested that the 
high impact pressures in cavitation caused damage by a 
similar process. but these means appear unlikely in view 
of the short time intervals available during the collapse 
period. 
The most interesting item he mentions, from the 
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point of view of immediate application, is a protective 
treatment which reduced erosion damage. He applied high 
pressure for some time to a specimen immersed in paraffin 
oil and submitted it to a vibratory erosion test. This 
successfully reduced erosion, but he mentions that the use 
of a llspecial ma-terial ll producing a layer of adsorbed 
molecules on the surface was more effective. Nofurther 
details are given, but an avenue of investigation is 
opened which should not be ignored. 
c. Osborne (31) conducted tests in which he 
studied the pressure pulse emitted from single collapsing 
bubbles. He constructed a closed vessel with sylphon 
bellows attached which would increase the vOlume in the 
vassel when stretched by an external force. The stretched 
belloWS exerted a pressure on the liquid when they were 
no longer restrained. Osborne allowed a small air bubble 
to form at the top of the vessel, which was filled with 
de-aerated water, and then expanded the bellows, which 
enlarged the pocket and evaporated water into it. At a 
given instant, he released the bellows, and recorded the 
pressure pulses striking a pick up in the liquid as the 
cavity collapsed. 
Osborne noted a strong correlation between the 
peak pressure recorded and the ratio of initial volume of 
the bubble to the original air bubble. There is also an 
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audible method of distinguishing large ratios from small. 
Above a certain ratio, the air has a strong cushioning 
action, and the collapse is characterized by a IIthud ll ; 
below, it has a distinct "clink". It is interesting to 
note that when experimenting at small air bubble sizes, 
several of Osbornels pyrex cover plates were broken, and 
he had to change to brass. 
In addition he notes a periodicity, which he 
likens to the periodicity found in underwater explosions. 
d. Shock Wave Cone 
The cone type shock wave tester used by de Haller 
and Ackeret (21) consists of a chamber which is com-
pletely filled with liquid. The major portion is cy-
lindrical to accomodate a piston; the other end tapers 
conically to a half that diameter. The piston is struck 
regular blows at the rate of 16 per second by an air 
hammer, and thereby produces a shock wave which travels 
to the other end, is intensified by the conical section 
and finally strikes a test specimen held tightly in 
place. 
The authors calculate the intensity of this wave 
and then proceed to measure it by means of the crystal 
pick-up described briefly in Section II, 5, d. Values 
of about 6,000 psi are obtained under the same con-
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ditions that damage the specimens severely. Criticism 
of these values has been made on the basis that cavita-
tion ~red after the reflection of each shock wave from 
?~ 
the specimen surface. 
2:5. Discussion of Results 
a. Resistance of Metals to Damage 
The most tangible direct results which have been 
obtained from the equipment previously described are the 
relative rating of materials according to their erosion 
resistance. Data are quite plentiful tOday on this 
subject, since many of the investigators quoted in the 
bibliography devoted considerable time to this study. 
It is quite remarkable that the ratings conferred 
by the various tests agree as well as they do, but of 
course the validity of the Impact Wheel and Vibrating 
Specimen tests depend upon that experimental agreement. 
Those discrepancies which do exist are minor in nature, 
and are sometimes attributable to differences in the 
effect of corrosion or metallic crystal structure. Their 
primary purpose, excepting the steam turbine blade 
investigations of Soderberg (23), has been the acceler-
ation of damage in order to produce comparative results 
*See Poulter's (39) remarks in Section II, 5, d. 
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in the most efficient way. 
There have been no precise correlations between 
erosion resistance and the physical properties of 
materials, but some definite trends have been observed. 
Resistance increases as the strength of the material in-
creases, a trend to be expected. Schroeter (13) makes 
this observation as does Mousson (12) in stating that 
the primary ~ables are Tensile Strength, Yield Strength, 
and Fatigue Strength. Exceptions are due to the fact 
that other properties such as corrosion resistance, grain 
size, and strain hardenability are also quite important. 
Boetcher (10) thinks that surface hardness is 
very important, and that a thin layer of very great 
hardness is preferable, and Mousson agrees. Soderberg 
(23) shows high resistance to pitting with very hard 
materials and indicates particularly good success with 
stellite coating, which is extremely hard. Of course 
general uniformity, and lack of cracks and soft con-
stituents which can be readily removed are necessary to 
good erosion resistance. Ackeret and de Haller (21) 
observe the preliminary removal of graphite from gray 
cast iron before general attack begins. 
Most investigations have been made with metallic 
materials, whose modulus of elasticity is very high com-
pared to a substance like rubber. With the thought in 
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mind that the greater deformability of rubber would 
greatly reduce the stress induced by cavitation blows, 
* such coatings have been proposed by Mousson. They have 
performed satisfactorily for a short period of time, and 
then suddenly peeled and disintegrated. Postmortems 
revealed that the apparent cause of failure was the ex-
cessive heat generated in the layer. Thin layers, whose 
heat could be conducted away rapidly, were much longer 
lived than thick layers, so one would believe that the 
new rubbers with high thermal conductivity would be even 
better. A line of investigation likely to net some 
direct results appears possible here, together with 
Poulter's (30) suggestions on penetrating liquids which 
seal up lIpores II. 
b. Intensity of Attack 
In the usual case, erosion is mild as cavitation 
commences, and increases as the number and size of the 
bubbles increase. The rate of dawBge reaches a maximum, 
however, and further increase in bubble volume decreases 
the intensity of attack. When Regime III, Cavity Flow, 
is reached, damage is generally small. 
It is a recognized fact that the addition of air 
~pee discussion on Poulter's paper (30). 
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will attenuate erosion damage provided some means are 
available to allow the air to form tiny but not sub-
microscopic bubbles. However, completely dissolved air 
does not reduce damage. Hunsaker (17) reported that, 
when he used a Venturi with a long throat to prolong the 
bubble incubation period, the consequent damage was less 
severe than with shorter throats. The apparent cause of 
this effect is the greater time available for diffusion 
of air to the interior of the bubble, which finally re-
sults in a greater cushioning on collapse. 
Kerr (32), who used the vibratory method of test-
ing, indicates a variation in damage caused in water 
depending upon the temperature, reaching a maximum at 
moderate temperatures of 300 e for Brass and 500 e for 
Steel. Mousson (12) found a general increase in rate up 
to 300 C. Kerr theorizes that at low temperatures the 
comparatively large air content of water softens the 
blows, while at higher temperatures the relatively high 
vapor pressure allows more vapor to form and cushion 
the blows. 
Notably, there seems to be much less work on the 
damage associated with liquids other than fresh and salt 
water. Of interest is Poulter's experiment with absolute 
alcohol, which preserved the iron chips removed from the 
test specimen free of corrosion. Briggs, Johnson, and 
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Mason (33) study other liquids but are primarily inter-
ested in minimum allowable pressures before cavitation 
commences. 
c. Pressure at which Cavitation Bubbles Form 
There is widespread agreement that, in ordinary 
clean water, the development of cavitation bubbles to 
visible size occurs very close to the vapor pressure at 
the existing temperature. Ackeret (1) obtained especially 
nice pressure distributions in the Venturi section used 
and checked vapor pressure quite closely. Knapp and 
Hollander (19) check these pressures by extensive measure-
ments on a model in the Water Tunnel, as does Rouse (34). 
The new Venturi meters used at the Hydrodynamics 
Laboratory have an entrance contour which is very care-
fully designed according to the work of Tsien (35) to 
minimize the growth of the boundary layer and inhibit 
separation. The pOint at which cavitation Occurs is very 
close to the liquid vapor pressure, and is remarkably 
reproducible. 
In contrast to the care taken in more recent 
times, some Venturi test sections used in the past have 
rather drastic entrance profiles. In addition, some 
investigators such as Van Iterson (28) and Bottomley (36) 
apparently did not consider the nonuniformity of pressure 
from the boundary of the nozzle to the center line due 
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to curvature or the rlow. Rouse (37) presents the 
equations nicely and shows, ror steady rlow, that the 
pressure gradient normal to the streamline is represented 
by the rollowing equation: 
dp y2 
d/} = - f r 
where n - coordinate normal to the streamline positive 
toward center or curvature 
v - rluid velocity at a point 
r - radius or curvature or streamline 
p - pressure at a point 
Ir the liquid approaching the contraction has 
approximately constant energy across the pipe, then con-
sideration or Bernoulli's equation ror steady rlow shows 
there will be a considerable pressure dericiency at a 
nozzle wall which is curved sharply inward, as compared 
to the pressure at the center or the nozzle. This con-
clusion is veriried by a general theorem or perrect rluid 
rlow, which states that extremes or velocity and pressure 
must always occur at the rluid boundary. 
Van Iterson (28) and Bottomley (36) state that 
bubbles rorm at pressures or one-haIr an atmosphere and 
more, and thererore contain air. These conclusions are 
based on calculated values or the pressure at the throat. 
Unrortunately they do not show these calculations, but 
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from the magnitude of these values and the appearance of 
their nozzles, one may infer that the effect of flow 
curvature was neglected. Bottomley even ignores, without 
further explanation, pressures of the order of vapor 
pressures he measured near the wall where bubbles form. 
These anomalies reduce the value of their further con-
clusions discussed under Collapse Theories and the In-
terior of the Bubble.* 
The conclusion that bubbles form at the liquid 
vapor pressure is based upon IInormalll conditions of clean 
water saturated with air at atmospheric pressure. An 
important factor is the time that the liquid spends in 
the region of reduced pressure. Briggs, Johnson and 
Mason (33) find that when liquids are degassed, their 
natural cohesive pressure becomes effective, and they 
will stand the considerable negative acoustic pressure 
of several atmospheres. This is notably a short time 
process, and they show that greater tension can be ob-
tained when the tension pulse time is less than twenty 
milliseconds. 
On the other hand Hunsaker (17) tested bubble 
formation over an extended incubation period in a long 
throated Venturi, and found the pressure for incipient 
*See Section 3:3 
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cavitation was somewhat increased for water saturated 
with air, due to air release. Thus tiny air bubbles 
acted as nuclei for the formation of a vapor bubble at 
pressures about twice vapor pressure. 
Plesset (3) discusses the initial formation of 
the bubble, and pOints out that the present view is that 
it is born from a nucleus in the liquid consisting of air# 
vapor, or even solid matter. These nuclei are frequently 
submicroscopic in size# but the absence of such nuclei 
means that very large forces of surface tension amounting 
to about 10,000 Atm. must be overcome to start cavitation 
or boiling. Recently Harvey (38) as well as Pease and 
Blinks (39) have shown experimentally that water satu-
rated with air also has high tensile strength, provided 
it is denUcleated. However, according to Plesset and 
Pease, ordinary water presumably contains gas nuclei 
which are stabilized on tiny particles of solid matter. 
The low energy associated with the surfaces of the solid-
gas-liquid system accounts for the ready cavitation of 
ordinary water at liquid vapor pressure. 
Harvey and Pease both note that solids may be 
classed as either hydrophilic or hydrophobic. The latter 
have a low affinity for water, and will always serve as 
starting point for cavitation in the absence of gas 
nuclei. Greasy surfaces are notably hydrophobic. 
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d. Pressures Encountered at Collapse and the 
Mechanism of Damage 
The greatest controversies in the investigation 
of cavitation center about this subject. The entire 
process of attack takes place in such short individual 
time intervals that only recently has there been an 
approach to observations which hold promise of showing 
many details of the mechanism. For this reason, many 
hypotheses used in analysis have not been subject to 
challenge, fnd hence a reconciliation of theories has not 
been possible. 
At the inception of serious study of the subject, 
Cook (6) and Rayleigh (7) demonstrated by analytical 
methods that, within their assumptions, extremely high 
localized pressures were certain to occur in the liquid. 
Later theorists often disagreed with the validity of the 
assumptions, and each followed his individual hypothesis 
to a unique conclusion, some of which indicated moderate 
impact pressures of less than 30.000 psi. The conglomer-
ation of collapse theories will be discussed in Section 
III. 
Those investigators who used the Venturi testing 
apparatus have generally been satisfied with the in-
ductive reasoning process which concludes that high 
localized pressures must exist because even the strongest, 
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hardest materials can be severely damaged. The physical 
destruction and its pitted appearance, plus the con-
vincing arguments of Cook (6) and Rayleigh (7) have 
attracted a large number of adherents to this theory. 
The results of the microscopic examinations made 
by Boetcher (10) and Mousson (12) suggest high pressures 
because of the metallurgical effects observed. Work 
hardening implies that considerable plastic strain has 
taken place requiring pressures appreciably greater than 
the elastic limit, of the order of 200,000 psi for 
hardened steel. Pictures of chips partially removed, 
showing extreme localized strains, are convincing, as is 
Cook's (6) cone test. 
General agreement on the mechanism of attack was 
secured until de Haller (16) and later Ackeret and de 
Haller (21) calculated impact pressures on the Impact 
IVheel tester according to the well known acoustic one-
dimensional equations. Their values varied according to 
the specimen's linear velocity, but calculated pressures 
of 14,000 psi to 18,000 psi produced considerable damage 
in the tests previously conducted by Schwartz and Mantel 
(20). Further investigations by Ackeret and de Haller 
showed that the threshold of appreciable damage occur~ed 
at 6,000 psi calculated value. 
A piezo-electric pressure pick-up utilizing 
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pistons 0.8 - 2 rom in diameter to transmit force acting 
through a 1.5 rom hole to the crystal was applied by de 
Haller (16) to three different test devices: a Venturi, 
an Impact Wheel, and a special conical tester which was 
designed to evaluate the damaging effect of shock waves. 
The measured values for the threshold of damage showed 
pressures of comparatively low order, namely 4,000 to 
10,000 psi. 
Taese published results immediately raised a 
host of questions, because they were far below the 
endurance limits of the materials which had suffered 
attack. The conclusions drawn from the experiments by 
the authors presented three possible causes for the 
erosion: 
1. A new mode of metallic attack causes damage. 
2. The endurance limit to surface stresses is 
much lower in water. 
3. Submicroscopic fissures and cracks allowed 
severe local pressure rises due to converging 
effect on the liquid while at the same time 
presenting stress concentrations in the metal 
near the surface. 
This opinion on the magnitude of the pressure 
impact is also widely held among those investigators who 
have used the vibratory tester extensively. Rightmire (26) 
calculates pressures of approximately 5,000 psi when a 
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bubble group collapses against the moving specimen. 
Hunsaker (17), in a discussion of a paper by Poulter (30), 
contends that the maximmn pressures of impact are of the 
same order. However, it is not clear what mechanism of 
erosion can cause the drastic pitting frequently observed, 
except the unmeasurable effect of tiny fissures, as con-
tended by Gardner (40) in the case of erosion of turbine 
wheels by droplets of condensed steam. 
Other investigators remain dubious as to the 
validity of these low pressure measurements and the as-
sumptions on which the calculations were based. They 
point out that, even if the frequency response of the 
crystal pressure pick-up used by de Haller (16) is quite 
high, it can measure only the area average of forces 
exerted on the 1.5 mill piston. Since the area affected 
by an individual bubble collapse is necessarily infini-
tesimal, no indication of the local peak pressures is 
obtained. A correlation between the measured values and 
the microscopic pressures predicted by the one dimension-
al impact theory is not surprising, particularly in the 
cases of the Impact ~sheel and the conical shock wave 
tester. 
The proponents of the high pressure school of 
thought such as Cook (41), Beeching (42), and Poulter (30) 
contend that the larger effects mask a cavitation which 
Occurs during the impact process, but which is very 
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difficult to observe. Poulter, in the author's closure 
to discussion on his paper (30), cites a striking ex-
periment which sheds a new light on the cone shock wave 
test made by de Haller. The shock waves were produced 
by hammer blows in the fashion of the original experiment, 
and the erosion was reproduced. He then applied a static 
pressure of about 6,000 psi to the water in the device, 
which is equal to the calculated value of the shock wave 
pressure, and repeated the test. This time no erosion 
was discovered, even though the peak pressure should have 
risen to 12,000 psi. The explanation offered is that the 
superimposed pressure supressed cavitation occurriug,at 
the shock wave reflection. Cavity collapse was causing 
the damage, as Nowotny (4) also indicates may be the 
case. 
Thus although the low pressure school has injected 
doubt about whether high pressures are necessary to cause 
damage, the burden of proof still lies with them, since 
only the fissure pressure intensification and stress con-
centration theory fits previous metallurgical data. It 
seems likely that high pressures which are ample to pit 
'any material are created by the collapse of bubbles, 
although the impact of droplets with a met,allic surface 
may cause damage through fissure concentration. 
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2:6. Recent Photographic Results 
Knapp and Hollander (19) reported the preliminary 
results of photographic observation in the Water Tunnel 
at Caltech. By extending and improving the flashing lamp 
technique of Edgerton, who took some nice pictures of 
cavitation for Hunsaker (17) at 3,000 frames per second 
in 1935, clear pictures were obtained at frame speeds up 
to 30,000 per second. 
The most interesting pictures were taken of 
cavitation in Regime II on a model with a 1.5 caliber 
ogive nose and a long cylindrical body. The bubbles 
formed were fairly good sized (about .28 in.max. dia-
meter) and not crowded. They formed near the base of 
the nose, and then moved into a higher pressure field 
which was practically constant. 
This pressure provided the driving force for 
collapse, which was recorded in numerous frames until 
the bubble disappeared. These data have been compared 
with the calculations of Cook (6) and Rayleigh (7) and 
show remarkable agreement. Plesset (3) calculated the 
growth and collapse curves numerically, taking into 
account the variations of pressure due to translation 
along the model and also surface tension, and obtained 
excellent agreement during most of the life history of 
a bubble. 
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Then there appeared a phase in the life of a 
bubble which was never before suspected. The collapsed 
bubble reappeared and grew to a diameter somewhat smaller 
than the original size. This action has been termed the 
rebound, and clearly demonstrates that the liquid must 
have an appreciable compressibility at the pressures 
experienced during collapse, or sufficient energy could 
not be stored to cause a rebound to go as high as 86% of 
the previous size. 
This fact, together with the velocities measured 
from the slope of the radius-time curve shows that ex-
tremely high local pressures must exist. Even 30,000 
pictures per second leaves an increase in the number of 
observed pOints to be desired during the very last stages 
of bubble collapse, when the slope of the radius-time 
curve approaches the vertical. However, the values 
measured are as high as 100 feet per second, and there is 
reason to believe that this velocity continues to in-
crease as the radius contracts closer to zero. If the 
sudden impact is calculated by the simple water hammer 
equation, the pressure corresponding to 100 feet per 
second is approximately 6,500 pSi, which is below the 
normal endurance limit of most materials. 
These results are the beginning of study by a 
new powerful tool which offers a wonderful opp0rtunity 
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for detailed observation of the life histories of 
bubbles under cavitating conditions. 
2:7. Conclusions Based on Experimental Data 
a. Damage of primarily mechanical nature i'8 
caused by cavitation. and therefore a material of high 
corrosion resistance may be severely attacked. 
b. Damage occurs in areas where the cavities 
collapse. exerting a hammering effect on the walls. 
Probably bubbles which collapse a few diameters away from 
the wall do no damage. 
c. Rate of attack is low for incipient cavita-
tion. increases with the number of bubbles formed, and 
decreases as Regime III. Cavity Flow, is approached. 
However, by the time the latter regime is reached, the 
efficiency of a hydraulic machine is greatly reduced, or 
the drag of an immersed body is greatly increased. 
d. Collapse of a vapor filled cavity can create 
a high localized pressure at the point of collapse which 
is sufficient to damage the strongest metallic materials. 
e. Rate of damage can be reduced by injecting 
air bubbles into the liquid to act as large nuclei for 
vapor formation. A cushioning action at collapse is 
thought to explain this result as well as the reduction 
in noise produced. 
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f. In ordinary clean water, either air saturated 
at one atmosphere or air free, bubble formation commences 
very close to the vapor pressure of the liquid at the 
existing temperature. If small air bubbles already exist 
in the liquid or are given time enough to form by dif-
fusion of dissolved air, the pressure corresponding to 
bubble growth is increased. 
III. Previous Theoretical Studies 
3:1. Rayleigh-Cook Solution 
The classic work on bubble collapse was done by 
Cook (6), who presented a solution in 1917 for the 
velocity of the bubble wall, and by Lord Rayleigh (7), 
who solved the same problem more completely and ele-
gantly. Considering a spherical bubble in a perfect, 
incompressible liquid of infinite extent, they chose the 
origin of a co-ordinate system at its center, and supposed 
the pressure at infinity to be constant. If, then, the 
pressure in the center of the bubble is zero, or at any 
rate constant, the velocity of the bubble wall is: 
where 
-) 
~ pressure at r =00 
Pi pressure inside the bubble 
R Radius of the bubble wall 
Ro Original radius of the Bubble 
f Density of the liquid 
(1) 
The time integral of this equation may be found 
analytically only for the point of complete collapse, 
and is written, from the Gamma Function solution: 
l ::; Ro ~ r(f) rrJ) ~ ~ r (2) 1 6/8, -p.j (3) -0.9147 Ro 1'00 L r'_ p'-p /'4 00 £ 
-42-
where ( period of collapse 
The relationship for other times may be written 
in the form: 
(3) 
Knapp and Hollander (19) present a table of the function 
1"/ R) I ~ which is also included in Table IV. 
Ro 
Lord Rayleigh (17) calculated the pressure field 
surrounding the collapsing cavity by integrating Euler1s 
equation for motion of a perfect fluid. When written 
for a constant pressure inside the cavity, the equation 
is: 
(4) 
where r radius to a pOint 
P pressure at radius r 
The radius at which the maximum pressure occurs 
is r = 1.587 R and thus is seen to be in the neighborhood 
of the bubble wall. 
It is to be noted that the velocity of the bubble 
wall described by Equation (1) approaches infinity as the 
radius ratio R becomes small. This, of course, is 
Ro 
physically impossible, and it has been suggested that 
several different phenomena might account for a finite 
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collapse speed. Compressibility of the liquid, finite 
rate of vapor condensation, and finite rate of heat con-
duction could be significant.* 
Cook was interested in evaluating the pressure 
created by elastic impact when the bubble closed. Since 
this pressure is approximately proportional to the 
liquid velocity at the instant of impact, an infinite 
velocity means an infinite pressure. 
Vfhen a cavity closes to zero radius one can 
visualize opposite sides of the bubble meeting IIhead on ll 
and suffering what is analogous to striking an immovable 
wall because of the conditions of spherical symmetry. 
To avoid the essential singularity at the origin, Cook 
placed his immovable wall at a small finite radius and 
called it an incompressible ball. It is possible to 
imagine a complete collapse as the limiting case of 
collapse on an incompressible ball, as the radius of that 
ball approaches zero. 
The pressures exerted on the ball by cavity 
collapse were enormous when the ratio to the original 
cavity size was 0.10 or less. This led many investi-
gators to believe that pressures capable of severe damage 
to any material were possible even if the process were 
~peeKpection IV for discussion. 
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limited by factors not considered in t~e analysis. 
The pressures in the liquid field surrounding the 
cavity, which may be found by means of Equation (4), have 
many interesting features. The factor which is responsi-
ble for infi~ite velocities is also found here, and 
indicates that the pressure at r = 1.587 R and throughout 
a great part of the field become very large simultane-
ously. 
Let us suppose that R« /. Then we may write: 
Ro 
p-~ 
;:., -p 
l 
== ..!..[ff J -r 
If we further suppose we are interested in the 
pressure at a pOint where r =/71 Ro 
/ / 
3m 
z 
Ro 
-2. 
R 
Thus it is clear that no matter how large n be 
chosen, an infinite pressure will be felt the instant 
the bubble collapses. Such effects violate the finite 
speed of sound and indicate that compressibility must be 
considered. Rayleigh stated in his paper that the ex-
tremely high pressures existing in the liquid before 
collapse made the assumption of incompressibility un-
tenable, and that a solution considering compressible of 
liquids qualities was needed. 
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Hollander has presented the results of Rayleigh1s 
solution in a very complete form on log paper. These 
curves are presented in Figure 3. 
For comparisons sake, Lord Rayleigh calculated the 
minimum diameter which a collapsing bubble filled with 
an insoluble permanent gas would reach, if isotherw~l com-
pression were realized. It is clear that this size may 
be found by equating the external work done by the pres-
sure at infinity, to the energy stored in compression of 
the gas. This bubble may be visualized as oscillating 
between a maximum and a minimum size given by the 
following relation: 
where initial or maximum bubble radius 
smallest bubble radius 
p. final pressure of gas 
'Ina J( 
Po<:> pressure at r == 00 
Pressures calculated by this equation are not 
nearly as large as pressures found by Cook. This type of 
analysis can be extended somewhat by considering the in-
terior of the cavity to be filled with two components -
water vapor and permanent gas. The pressures exerted by 
them may be assumed to be independent, but the temper-
ature of each remains constant for isorthermal COm-
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pression. 
Thus we may write: 
where vapor pressure of liquid 
Pg gas pressure 
We assume that when R = Ro 
where ffn gas proportion index 
By varying an we may consider a whole family of cases 
between a bubble filled with pure vapor of infinite con-
densability and a bubble filled with a permanent gas. 
Neglecting surface tension and equating energy of 
gas compression to work done by the pressure difference, 
one can neglect some secondary terms and obtain: 
The maximum pressure is, of course,: 
A plot of these results for particular values of 
~ is shown in Figure 4, and it is to be noted that the 
indexon is an extremely critical quantity_ As it becomes 
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less than 0.50, final pressures rapidly become extremely 
large because of the IIdelay period ll incorporated in the 
pressure function. This effect is illustrated by Figure 
5, which shows the radius through which the bubble must 
contract before If = e:, • 
The reason for this discussion is that current 
observations by Knapp and Hollander (19) and also Plesset 
(3) lead one to believe that the proportion of permanent 
gases inside the bubble is rather small.* Also one is 
inclined to believe that the water vapor inside the bubble 
does not deviate far from equilibrium pressure until 
interface velocities are of the order of 500 feet per 
second. For these reasons, a pressure versus o~oo curve 
should tend to resemble one for ~ ~ .05 where the final 
pressure was calculated to be 36,000 Atm. for adiabatic 
compression of the permanent gas portion (Figure 4). 
This result means that moderate positive values 
of ~ - Fj which exi st during the early part of the 
a 
collapse act through a large volume change since f/~ J 7T R . 
At smaller R, when e, - Pz 1s negative, only a small 
volume change is available, and, thus ~ must become 
enormous to absorb the kinetic energy in the field. The 
pOint where ;:;. = ~ , shown in Figure 5, also shows the 
su~prisingly large ratio of volume traversed to volume 
*Further discussion will be found in Section IV. 
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remaining, for two particular values of /??'V • 
It may be argued that the assumptions concerning 
the behavior of the bubble contents are not physically 
warranted, however, the calculations were made primarily 
for illustrative purposes to show the decisive effect of 
11 de lay II in pressure rise as a function of radius. If ~ 
remains less than ~ during a large portion of the con-
traction, Pz must be enormous to arrest the inward 
max 
velocity. 
3:2. Ackeret 
Excellent experimental work was done by Ackeret 
(1) in the Water Tunnel at Gottingen, follOWing Fottinger. 
Using a two dimensional Venturi of gradual profile, he 
measured pressures as a function of distance along the 
center line of a nozzle. At constant water velocity and 
varying system pressure, he found pressure distributions 
were similar to those calculated from Bernoulli's 
equation when the system pressure was sufficiently high. 
However, at low system pressures, he found that the vapor 
pressure of the saturated water was a lower limit to the 
minimum pressure in the throat. 
At system pressures markedly lower than the 
critical, where the minimum pressure in the throat just 
equalled the vapor pressure of the liquid, the pressure 
distribution was altered due to the appearance of cavita-
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tion. The presence of the cavities kept the pressure 
constant for an appreciable distance into the diffusor 
section of the Venturi, at which point a sudden pressure 
recovery occurred similtaneously with the disappearance 
of the bubbles. The lower the system pressure, the more 
severe the cavitation and the more abrupt the pressure 
rise. 
Ackeret saw in this phenomenon a strong resem-
blance to compression shocks in the flow of gases through De 
Laval nozzles, and analyzed the gross effects on this 
basis. From the velocity of the liquid and the distance 
to the point where the bubbles disappeared. he estimated 
the time of collapse for the cavities to be of the order 
of 1/4000 of a second. He then reasoned that the time 
interval Vias so short that the gases contained in the 
bubbles would behave poly tropically, and perhaps close 
to the adiabatic. He therefore criticized the work of 
Cook and Rayleigh, and calculated bubble collapse as-
surning various exponents in the polytropic process equation, 
n /" =f const • 
His results predicted pressures on the order of 
2700 times initial pressure and temperatures of 23000 K. 
These latter values of temperature excited some criticism 
of this work. Consideration in the section on the 
Interior of the Bubble (Section IV) indicates that heat 
conduction is more effective on water vapor than Ackeret 
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supposed~ and t~~t the pressure is much more likely to 
remain in the neighborhood of vapor pressure until the 
final stages of collapse. 
3:3. Van Iterson, Bottomley and Surface Tension 
As the result of erroneous deductions indicating 
that air bubbles were formed in cavitating water at pres-
sures varying from 7 psia to 12.5 psia~* Van Iterson (31) 
(32) established the following hypotheses concerning 
bubble collapse: 
a. The bubble is filled with air at a pressure 
approximately equal to the pressure in the stream. 
b. If the bubble volume reduces, this air offers 
no resistance to resorption. 
c. The net force tending to contract the bubble 
is due to surface tension. 
He then equated the energy available from the 
reduction of bubble surface area to the kinetic energy in 
the liquid field, assuming the liquid to be incompressible. 
This results in the following equation for velocity: 
--------~*Mp~e~e~p~e~ction 2:5 c. 
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where 0--= surface tension. 
In this case, like Lord Rayleigh's, the velocity 
is seen to approach infinity as the bubble closes to zero 
radius. Thus all the difficulties attending Rayleigh's 
• 
solution are repeated here by a factor which has here-
tofore been neglected. 
The assumptions backing this analysis are open to 
challenge, as pointed out in Sections II, 5, c, and IV, 
on Experimental Work and the Interior of the Bubble, 
respectively. The great majority of experimenters dis-
agree, and consider P. l approximately equal to vapor 
pressure during the major portion of collapse. 
Bottomley (33) enthusiastically accepts these 
hypotheses concerning bubble collapse. He regards sur-
face tension as exerting a pull on the liquid, causing it 
to follow and accelerate up to the velocity of sound, 
which he considers as the terminal velOCity. These 
remarks have apparently been made without recourse to 
the methods and principles of non-steady compressible 
flow, which clearly indicate that the velocity of sound 
is not a barrier to higher velocities.* 
3:4. Silver and Heat Conduction 
Silver (54) developed a theory in which he de-
*Refer to Courant (47), Courant and Friedricks (48) 
and de Haller (49). 
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pends upon an approximation to the rate of heat removal 
during collapse to evaluate an overall average pressure 
difference acting on the liquid field during this period. 
He apparently assumed that the pressure and temperature 
rise in the cavity are not large, and applied the 
Clapeyron equation as if r;;; saturation were. inversely 
proportional to the absolute temperature only. 
He differentiated an expression for the dif-
ferential work with respect to f? in order to find the 
pressure which resulted in the maximum energy input. 
However, the element of radius that he took to be 
traversed to perform that work depended upon the amount 
of vapor condensed only, and not upon the motion of the 
fluid field. Furthermore, the meaning of the overall 
average pressure is not clear, since it is independent 
of both bubble wall velocity and radius. 
He then stated that the maximum conceivable 
pressure would occur if all the energy released during 
collapse were stored in compression of the liquid which 
is condensed from the vapor originally contained in the 
cavity. This portion of the liquid surrounds the origin, 
and at the moment of complete collapse, is calculated to 
be of radius Ilb ll ; 
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where specific volume of liquid at T 
Vy specific volume of vapor at T 
Since it is at a much higher pressure than the 
surrounding water, the liquid ball immediately expands l 
radiating an acoustic wave whose amplitude is computed 
"'-according to the well known inverse law. A In particular, 
the amplitude is calculated as it passes the original 
radius of the bubble, 190 , since it is argued that this 
is closer than a boundary wall can be located without 
completely changing the purely radial flow pattern and 
perhaps modifying results seriously. 
The pressures which he calculates at this radius 
are of the order of 20,000 psi, as given by the following 
equation: 
p= 
where k bulk modulus of the liquid 
Thus he contends that a bubble which collapses 
one radius away from a boundary wall will emit an 
acoustic wave of sufficient intensity to damage that 
wall. There are however, a number of questions which 
~iord Rayleigh (43) Theory of Sound. 
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must be answered before these values can~be accepted. 
a. How much energy is stored in compression of 
the liquid field? Lord Rayleigh (1) has shown that the 
pressures encountered in the surrounding field are cer-
tainly intense before collapse is completed, and require 
appreciable compression energy. 
b. Can the entire energy of the liquid motion 
be stored in the immediate neighborhood of the origin 
the moment that collapse is completed? The finite 
velocity of sound means that only a portion of the kinetic 
energy of motion can be transformed to energy of com-
pression at a given instant. Section VIII shows a de-
tailed study of such a m9tion. 
c. Is the inverse radiation law valid for the 
pressures encountered? Wartime studies of underwater 
explosions and their radiated shock waves show decided 
i} deviations from the acoustic law. 
Work in later sections demonstrates that these 
questions may be answered satisfactorily by use of the 
Method of Characteristics, and that the values computed 
by Silver for the radiating shock wave pressure are high 
by a factor of 5. 
3:5. Herring ApprOXimate Solution 
~<Cole ( 44), Underwater Explos ions. 
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A solution which considers the effect of com-
pressibility was presented by Herring (45), but is valid 
only to the first order of the ratio of collapse speed 
to the velocity of sound. The final effect on the 
velocity equation is to add a correction factor to the 
Rayleigh solution: 
where velocity of sound in liquid at atmospheric 
pressure 
No equation covering the pressure and velocity 
distributions in the field was included. 
Since interest in the effect of compressibility 
is focussed particularly on speeds equal to and greater 
than that of sound, the Herring solution is not of major 
interest for cavitation bubble collapse. The exact 
solution requires the solution of non-linear differential 
equations, which must necessarily be accomplished by 
numerical methods. The Method of Characteristics was 
developed to meet just such a need. 
5:6. Oza Hemispherical Cavity 
In 1945 Oza (46) presented a solution for the 
collapse of a hemispherical cavity seated on a plane 
surface. turing collapse, he assumed that the bubble 
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took the shape of an oblate spheroid whose cross 
sectional shape was elliptical. The major axis of this 
ellipse was coincident with the plane surface, and did not 
contract. The minor axis was perpendicular to the sur-
face and contracted under the influence of the pressure 
at infinity until the elliptical trace degenerated into 
a straight line at the moment of impact. 
In observing bubbles in the vibratory apparatus 
by Rightmire's pictures, Oza found reduction of contact 
diameter to one-third the original diameter. This he 
estimated would increase his values by a factor of 9. 
The collapse is somewhat different in a water tunnel. 
Knapp and Hollander find complete collapse of a bubble 
on a model wall proceeding with not great deviation from 
hemispherical symmetry, and final collapse apparently 
occurs a small distance above the wall. 
Oza showed that a velocity distribution at the 
bubble surface which was proportional to the square of 
the normal distance away from the surface of the wall would 
produce the elliptical shapes apprOXimately. He then pre-
sented the equation below which purported to represent 
where 
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a radius of hemisphere and constant major axis 
b minor axis of ellipsoid of revolution 
U velocity of surface at minor axis or the 
lIpole ll of the oblate spheroid. 
Apparently an error was made in the computation, 
for negative values of kinetic energy are calculated in 
cZ / the vicinity of b = 4' This is, of course, physically 
impossible. Therefore the value of U computed at the 
time that/; = 0 or impact occurs on the wall cannot be 
considered valid. 
§...:7. Rightmire Bubble Mass 
According to his unpublished thesis written in 
1941, Rightmire (26) observed masses of bubbles forming 
and collapsing in the repeating pattern against the face 
of his vibrating specimen. Photographs taken by the 
flash technique enabled him to examine these bubble 
groups and analyze them into individual bubbles whose 
centers were located. Seventeen and more were identified 
in various cases. 
lie assumed that the motion observed was a forced 
vibration of the liquid induced by the moving specimen 
in the form of spherically radial motion about a set of 
sources which were the bubble centers observed experi-
mentally. Therefore he took the amplitude of motion to 
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be inversely proportional to the radius from each source, 
and superimposed the motions to find the impact velocity. 
The net result was a calculated pressure of approxi-
mately 5,000 psi. 
This study may be challenged on the question of 
the dependence of velocity upon radius in spherical 
motion. The sonic approximation depends basically on 
the assumption that the motion of the particles is small. 
In this case, the amplitude of the motion should be com-
pared to the radial distance from the individual centers, 
which is appreciable for any collapse phenomenon. 
In addition, the frequency of the motion was 
taken to be the same as the frequency of the vibrating 
specimen. This is true for elastic undamped systems in 
forced vibration, where each portion of the system 
executes its motion in phase with an exciter. However, 
the bubbles were observed to exist only in a minor 
portion of the cycle of specimen motion. Apparently the 
natural period of motion for the bubbles was considerably 
smaller than that of the forced vibration, since they 
appeared briefly, and were suppressed the remainder of 
the time. For these reasons, the small figure of 5,000 
psi calculated is not satisfying. 
-59-
~:UK Need for a Solution Valid at High Velocities and 
Pressures 
Lord Rayleigh (7) noted that, as a bubble col-
lapsed, extremely high pressures were produced in the 
liquid surrounding the cavity. He felt that the pres-
sures were sufficiently high to invalidate results when 
the bubble had shrunk to small radius ratios. Further-
more, the assumption of incompressibility immediately 
introduces the effect of infinite sound velocity. As 
* was pointed out previously, the effect of the high 
spherical convergence near the origin is felt simultane-
ously at great distances, which is not possible with real 
fluids. 
If this effect is examined from the point of 
view of energy distribution, the result is equally dis-
tressing. Since compression of a liquid is always 
associated with potential energy, the large volume pres-
surized would certainly contain more energy than was 
available from the work of the pressure forces if the 
pressure distribution were assumed to be the same as cal-
culated by incompressible theory. Thus compressibility 
must be admitted to determine the error associated with 
the incompressible' solution. 
*See Section 3:1. 
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Ever since the introduction of the De Laval 
nozzle, students of fluid mechanics have been imbued with 
the idea that supersonic speeds can be obtained only in 
converging-diverging nozzles. This statement is per-
fectly correct for the case of steady flow, where sonic 
velocity in the narrowest portion of the throat is the 
limiting factor. 
Unsteady flow is, on the other hand, an entirely 
different case. The theory of one dimensional unsteady 
flow has been quite thoroughly studied,* although the 
methods are not popularly known. The problem first 
attracted attention in II Interior Ballistics ll • 
questions of the processes and flows that take place in-
side a gun barrel during firing. It is well known that 
the missiles fired often reach velocities higher than 
the velocity of sound in the medium immediately behind 
them. 
Limiting velocities exist. in straight tubes, 
which may be visualized as the veloCity the gas particles 
would take if all the thermal energy were converted into 
velocity in a single direction, and the gas density ex-
panded to zero. It is to be noted, however. that these 
limiting velocities do not exist for converging flow. 
*Courant (47), Courant and Friedricks (48) and 
de Haller (49). 
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Bottomley (36) states that the velocity of sound 
in water limits the collapse velocity possible in the 
closure of a cavity. The solution obtained in Section 
VII considering compressibility shows that such is not the 
case. If limiting velocities are to be found, they must 
be derived from the finite rate of thermodynamic processes 
at the interface between the interior of the bubble and 
the surrounding fluid. 
Knapp and Hollander (19) show beautiful pictures 
of successive rebounds of a cavitation bubble which is 
acted upon by a p~essure field which is nearly constant. 
It is quite clear that such a phenomonon must be as-
sociated with liquid compressibility, and any detailed 
study of it must consider non-steady compressible flow. 
IV. The Interior of the Bubble 
The most perplexing problem involved in bubble 
collapse theory is the interior of the bubble, and its 
effect on the surrounding liquid. The first question to 
be answered is whether the interior consists entirely of 
water vapor, and if not, how much air or other permanent 
gases are present. 
Some further questions to be answered are the 
following: (a) How rapidly is heat removed from the 
cavity? (b) Are the gases compressed, and if so, adia-
batically:, isothermally, or poly tropically? (c) Is the 
condensation rate of the water vapor rapid enough so the 
pressure deviates only a small amount from equilibrium? 
(d) The velocity of sound in the vapors is certainly 
about one-quarter or less of the velocity of sound in the 
liquid. What is the effect of the shock waves which 
necessarily form in front of the advancing wall of liquid? 
4:1. Contents of the Bubble 
It has been clearly established by Knapp and 
Hollander (19) and Plesset (4) that only water vapor can 
enter the cavity in appreciable quantities during the 
growth period. Since in their case this growth time is 
only about 0.002 seconds, it is difficult to imagine 
dissolved air diffusing more than a tiny distance. 
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Knapp calculated that the partial pressure of 
air in a bubble is only 0.0004 Atm., if the air is assumed 
to have been released from a spherical shell next to the 
bubble 0.001 inches thick. A normal air concentration of 
-
2% by volume is assumed in the liquid since the water is 
saturated at atmospheric temperature and pressure. The 
resulting air pressure is only about 1% of the vapor 
pressure of water at 72oF. 
Plesset (3) mentions that he has carried out an 
analytic solution of the diffusion problem in collabor-
ation with P. S. Epstein, and found the rate to be so 
slow that it does not contribute appreciably to the air 
content of the bubble. These conclusions are corrobor-
ated by the fact that the pressure recorded when a cavity 
covers a pressure tap in the water tunnel corresponds 
closely to that expected from vapor alone. 
Thus it is seen that the total air content of 
the bubble is nearly the same as the air content of the 
nucleus from which it developed. Under normal conditions 
this nucleus is small, and the air content is certainly 
small compared to the vapor arising from subsequent 
expansion. On the other hand, liquids which have been 
deliberately aerated presumably develop most of their 
bubbles from existing air bubbles much larger than an 
ordinary nucleus. Thus their air content is greater, 
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and a certain amount of cushioning is to be expected at 
collapse, accounting for the diminution of damage found 
experimentally. 
Van Iterson contends that .air offers no resistance 
to collapse, but the preponderance of investigators dis-
agree. The considerations on which his conclusions are 
based have been shown to be doubtful.* 
The air content to attenuate damage, judging from 
previous calculations, -l~ would necessarily correspond to 
an air proportion index at least/J?Z. == 0.25 where 11 =-Py(iran) 
o 
Special cases do exist, however, when diffusion must 
account for the increased air content of bubbles; e.g. 
the long throuated Venturi tested by Hunsaker (17) which 
had an unusually long "incubationll period. 
4:2. Latent Heat of Evaporation 
When evaporation takes place, heat must be sup-
plied to drive the liquid into the vapor state, the re-
verse being necessary when condensation occurs. In the 
case of cavitation, the main body of the fluid is the 
heat reservoir, from which heat is taken for evaporation, 
and to which heat is returned during condensation. As 
*See Section 2:5, c. 
*See Section 3:1. 
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Knapp and Hollander (19) explain graphically, this means 
that the temperature of the vapor must be somewhat less 
than that of the main stream after the bubble has grown. 
Likewise, the temperatures during the final stages of 
collapse must be higher than that of the main stream. 
It is vital to know the order of these temperature dif-
ferences in order to evaluate the magnitude of devia-
tions from equilibrium conditions. 
Plesset (3), by considering the magnitude of 
thermal diffusivity, the time of collapse measured from 
experimental photographs, and the heat required to con-
dense the vapor included in the cavity, arrived at a 
mean temperature rise of t9 = 1.7oF for the layer 
affected. 
It seems possible that the local temperatures on 
the interface between the cavity and the surrounding 
liquid might be much higher, because of the extreme 
velocities encountered in the latter stages of collapse. 
With this in mind, the calculations shown below were 
made to find the order of magnitude of such peak temper-
atures. Methods similar to those of Plesset were 
utilized. 
In a heat conduction problem, one of the 
commonest boundary conditions is that the temperature 
gradient at a stated point shall be great enough for a 
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certain rate of heat transfer to be realized. During 
bubble collapse the temperature gradient at the 1iquid-
vapor interface must be large enough to conduct away the 
heat released by vapor condensation. The following ex-
pression is an approximation to the necessary value: 
where V/9 temperature gradient of per foot 
~ conductivity of water 
L la tent heat of evaporation 
fl vapor density 
~ 
velocity ft/sec of bubble wall R 
Upon substitution of the proper values for water, 
this gradient is found to be 1.15 x 104R degrees F per 
foot, which attains extremely large values at high 
velocities. 
The thickness of the layer through which this 
tremendous gradient is expected to act may be estimated 
by means of the thermal diffusivity and the time remain-
ing before collapse is completed. 
where o - thickness of the layer 
D thermal diffusivity 
t time remaining until complete collapse 
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Therefore, the order of the maximum temperature 
to be expected at the bubble wall is: 
where &max temperature rise at the interface, where 
maximum value must occur. 
If the values for the case to be considered are 
substituted, the temperature is found to be quite modest, 
and agrees remarkably well with the computation made by 
Plesset (3). 
T~ .001 seconds total collapse time from Knapp 
and Hollander (19) 
t = 17 x 10-42'" remaining time for ;; = 10 
D = 1.75 x 10-6 ft2/sec thermal diffusivity 
• R == 480 ft/sec 
These data result in a value of Uma~ 90 F, as the 
maximum value, which compares very well with the 1.7oF 
mean temperature previously mentioned. Therefore it is 
justified to dispense with further consideration in-
volving temperature rise. 
It is to be noted that these calculations fully 
neglect the effect of convection which is i'n the complete 
heat flow equation written below, and will increase re-
• 
moval of heat when R is large. 
de- i? ___ 
- = .l} J7 & - /I' • 179 i3f: 
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4:3. Effect of Finite Condensation Rate 
Although it seems clear that thermal diffusivity 
is rapid enough to restrain temperatures to values of the 
same order as those in the body of liquid, condensation 
effects must be examined to find whether sufficient mass 
can be liquified to keep pressure rise low. 
When a liquid and its vapor are in contact, 
there is a constant exchange of molecules from one state 
to the other. Equilibrium is the unique point when the 
mass transferred from the liquid to the vapor equals the 
mass deposited from the vapor into the liquid. This 
rate of mass exchange has been estimated from elementary 
kinetic theory, and is: 
j=~1 M 
y C'. 7T8T 
where j mass rate of exchange per unit area 
M Molar mass 
B Gas constant 
T Absolute temperature 
Plesset (3) utilizes this value to estimate the 
collapse velocity at which pressure and temperature in-
creases should cause appreciable deviation from equilibri-
um. It is clear that if the bubble wall advances into 
the vapor at a speed which is the same order as the 
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speed associated with the mass exchange rate, the local 
vapor pressure will have to double, roughly, in order 
to deposit sufficient vapor molecules into the liquid. 
Assuming that the vapor equation of state is 
like a perfect gasl Plesset calculates that the bubble 
wall can advance at a velocity of 500 feet per second 
before pressures are expected to double because of con-
densation effects. The velocity equation is shown below 
with the data used in the calculation • 
. ~q R= 
27TM 
- 480 FI-/.5ec. 
where 
However, the pressure increase arising from this 
source cannot act as a great deterrent to high collapse 
velocities, since it is naturally measured in terms of 
the vapor pressure of the liquid, which is only .027 Atm. 
at 72oF. By examining the results calculated from the 
hypothetical vapor-gas mixtures shown in Figures 4 and 5, 
it is clear that enormous pressures a~e required to stop 
inward accelerations. Values of 
compared to those shown, but are 
Pf of 100 are small 
Py 
probably larger than 
pressures available from finite condensation rates until 
velocities in excess of 5,000 feet per second are reached. 
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4:4. Shock Wave Phenomena in Vapor 
Study of unsteady compressible flow reveals that 
whenever a piston advances into a stationary tube of gas, 
a shock wave will form where the influence of the piston 
is first felt. When the surro~nding liquid closes in on 
the vapor core at velocities greater than the velocity 
of sound in that vapor, shock wave of some intensity may 
be expected to form in front of the liquid wall. 
The maximum pressure rise which is to be ex-
pected across this shock wave is equal to the stagnation 
pressure corresponding to the velocity of the in-rushing 
liquid wall. Actually, the pressure will be somewhat 
less due to entropy increase across the shock wave, and 
the fact that the liquid is absorbing the vapor at a 
finite rate. Therefore, the pressure rise is on the order 
of: 
where 
.2 
Ll P= ..!... p. R 2 JY 
Ll P pressure rise across shock wave 
At a collapse velocity of 5,000 feet per second, 
this pressure rise amounts to only 4 pSi, because density 
is so small, which is surely negligible. If the density 
had previously been increased 100 fold, this pressure 
would still be small compared to the peak local pressure 
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in the liquid field. 
4:5. Conclusion 
The conclusions to which the foregoing studies 
lead are itemized below: 
a. Under normal conditions of clean water and 
no aeration, the interior of the bubble consists of 99% 
liquid vapor. 
b. 'Thermal diffusivity is so effective that 
temperature rise is not expected to increase the pressure 
against the bubble wall appreciably. 
c •. The fi~ite rate of condensation will in-
crease the pressure by a factor of about twice the vapor 
pressure at speeds of 500 feet per second, so that at 
very high speed say 5 1 000 feet per second, a pressure 
rise of the order of 20 Pv would be necessary to deposit 
enough mass in the liquid. 
d. The shock wave produced in the vapor is 
entirely negligible. 
e. The pressure rise effects listed are equal 
to the vapor pressure times functio~~ of the velocity 
and are therefore small in magnitude until velocities 
on the order of 5,000 feet per second are reached. 
f. If the inward velocity were reduced, the 
pressure rise effects depending on velocity would also 
-72-
reduce, leaving only the accumulated compression of perma-
nent gases. Accumulated compression of water vapor would 
tend to dissipa te rapidly. 
g. By the time high velocities are reached, so 
much of the original bubble volume has been traversed 
that only astronomical pressures would suffice to halt 
the flow. 
h. The above statements indicate that something 
akin to complete closure must occur. The extremely 
large velocities in the last stages of collapse must 
be arrested in a very short distance, resulting in an 
impact-like phenomenon. 
i. The mechanism of halting the flow is not 
clear, but the local pressures are certainly extreme. 
Possibly other factors, such as asymmetries, become of 
primary importance in these final stages of collapse. 
V. Problems to be Investigated 
Since it is agreed that compressibility is of 
necessity important in flow of a liquid when high velo-
cities and pressures are encountered, there are two 
particular phases of cavitation bubble motion where a 
detailed study of the fluid motion by means of the exact 
theory of unsteady compressible flow would be a con-
tribution to present knowledge of its history. 
5:1. Collapse of the Bubble 
In view of the shortcomings of incompressible 
theory which have previously been pointed out, it would 
be valuable to analyze a collapse where the boundary 
conditions are identical with the Rayleigh Solution. It 
should be noted that, after the first part of the collapse, 
the pressure against the bubble interface is always neg-
ligible in comparison with the peak pressure at r equal 
1.587 R, in the finite regime of motion. Therefore, 
constant vapor pressure is approximately the correct 
boundary condition for a pure vapor bubble during all but 
the arresting period of the collapse. 
Data would be compared with the incompressible 
flow for some of the quantities listed below. 
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a. Velocity During Collapse. 
Since compressibility would necessarily reduce 
pressure gradients and absorb some of the energy avail-
able from the work of pressure forces, bubble wall ve-
locities would reduce. How great is this reduction? 
Does the velocity of sound limit collapse velocity? If 
not, does another, higher limit exist? 
b. Pressure Distribution and Peak Pressures. 
Compressibility undoubtedly is the cause for 
lower pressures in the liquid. Also, it has been shown 
that the pressures calculated at great distance from the 
origin by incompressible theory are necessarily in great 
error during the latter portion of collapse. How 
strongly are the intense pressures in the neighborhood of 
the origin felt farther out in the fluid field? 
c. Energy Distribution. 
It has been suggested that radiation of energy due 
to the high pressures near the bubble wall would reduce 
the velocity/of contraction decisively. An evaluation of 
this radiation would be of importance to the development 
of an approximate theory. 
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5:2. Rebound of the Bubble. 
Compressibility is undoubtedly responsible for 
the reversal of the inward velocities of collapse, but 
the sequence of events that takes place has not been 
studied. in detail. One point is of interest; what role 
does the spherical divergence play in rebound? 
a. Effect of Spherical Divergence. 
In a straight pipe, rebound does not occur until 
the shock wave of compression reaches an open end, and 
the rarefaction wave reflected there returns to the impact 
surface. In the absence of friction forces the mass of 
liquid in the pipe between the rarefaction wave and the 
open end moves away from the impact surface at the same 
speed as before the sudden arrest. By the time this wave 
reaches the impact surface, all the velocities have been 
reversed. In the absence of an open end, however, no 
reversal can occur. 
In the case of the spherical bubble in an infi-
nite compressible liquid striking an immovable spherical 
barrier, no Ilopen end ll exists. If rebound can be analyzed, 
then, it must be directly dependent upon the spherical 
divergence for its existence. 
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b. Shock Wave. 
A shock wave will be emitted by impact pressures, 
and will decrease in peak pressure as it radiates. How 
rapidly does this peak pressure reduce? Will it be 
capable of damage to metallic boundaries of the order of 
one radius, Ro ' away from the pOint of collapse? 
The shock wave appears to be a principal cause 
of the dissipation of energy in the rebound process. How 
much energy is radiated by this shock wave? What is the 
ratio between rebound size and original size, considering 
radiation to be the only form of energy loss? 
c. Sequence of Events. 
What general sequence of events takes place in 
the liquid during the rebound process? 'Yhat is the cause 
of the difference in appearance between the original 
bubble and the rebound bubble? 
VI. Compressible Flow and the Method of Calculation 
When a study of unsteady fluid flow is contem-
plated, the assumption of compressibility must be 
carefully considered in the majority of cases. The ex-
clusion of compressibility means the assumption of an 
infinite velocity of sound, i.e., a local perturbation 
is felt instantly throughout the fluid field. 
Whereas ther~ are many cases when the dimensions 
of the fluid volume are small compared to the velocity 
of sound X the time interval studied, such is not always 
true, and each case must be decided on its merits. 
It is natural to assume comprssibility where ex-
treme pressures are expected or local velocities may ex-
ceed that of sound. As the classic solutions clearly 
indicate, all three conditions are found in the latter 
stages of bubble collapse. 
6:1. Equation of State 
Since compressibility is to be included, a clear 
evaluation of it must be provided which will cover a 
wide range up to extremely high pressures, The state of 
all media can be described by a function relating the 
pressure, density, temperature, entropy, and internal 
energy. It is a known principle of thermodynamics that 
only two of these variables are independent. 
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In studying an idealized problem, heat conduction 
and viscosity may often be neglected, which is tantamount 
to assuming isentropic processes for each particle. This 
assumption will be made for the flow of water in bubble 
collapse, which means that the pressure may be given as 
a function of density alone. This relation is often 
known as the l1Equation of State ll , and will be so called 
in the remainder of the paper, even though it differs 
from the strict thermodynamic definition. 
An equation recommended for use with water by 
Courant and Friedrichs (47) (48), as well as Cole (44), 
and applied in the computations is stated below: 
where P pressure of water 
J density of water 
B a constant equeJling 3,000 Atm. for water 
r exponent equalling 7 for water 
C a constant 
This is called the mOdified Tait equation, and 
has been widely used for calculations of shock wave 
phenomena in water including pressures up to 50,000 Atm. 
It is particularly adapted to this use since the 
constants change very little when the entropy varies, 
and therefore the calculations are simplified. Kirkwood 
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and Brinkley (50) use it in studying underwater explosions, 
and Cole (44) offers a nice discussion of its merits. 
Measurements have been made of the adiabatic 
properties of salt water by Bridgman and Gibson, as well 
as Penney and Dasgupta (51) who present the following 
values for the constants: 
B =- 3010 Atm. 
r = 7.15 
B =- 2900 Atm. 
d = 7.47 
Results of these two equations agree within 2% up to 
80,000 Atm. for salt water. 
However, the simplicity of the original equation 
together with its wide previous acceptance for fresh 
water has led to its use in the following studies. 
Some data on the adiabatic compressibility of 
water at one atmosphere, and on the isothermal compres-
sibility of water at high pressures are available in 
Dorsey (52). The values of compressibility computed 
from Tait's equation are presented in Table IV and 
compared with experimental data at constant temperature. 
This agreement is regarded as satisfactory since the 
temperature rise is only lOOoC when a pressure of 30,000 
Atm. occurs through a shock wave. 
The velocity of sound for water may be calculated 
as shown below: 
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where a velocity of sound 
For P equal one atmosphere, the velocity of 
sound is 4,790 feet per second, which agrees very well 
with measured velocities. It is to be noted that the 
velocity of scund is now a function of one variable only, 
since adiabatic processes have been specified throughout. 
This velocity is seen to increase with pressure, accord-
ing to the following equation which is presented in 
Figures 6 and 7. 
A= (P-I-8) ~ 1-1-8 
where A dimensionless velocity of sound 
a o velocity of sound at one Atm. 
The energy per unit volume of water may easily 
be computed as a function of the pressure by integrating 
the equation for work done by the pressure forces. 
This equation may be integrated by parts, but un-
fortunately, the two parts are so nearly equal that the 
accuracy is destroyed. ~~ereforeI this equation was in~e-
grated by Simpson's Rule, and plotted in Figure 8 for the 
lower range of pressures to indicate the form of its 
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variation with pressure. As would be expected, the 
curve is nearly parabolic in shape. 
6:2. Equations of Motion 
The equations of fluid motion are well known, and 
are derived from the most basic physical laws. However, 
a few remarks will be included because of the comparative 
lack of popular knowledge on unsteady, compressible 
flow.* 
The differential equations are derived on the 
basis of the four statements below: 
a. Conservation of Mass 
b. Newton's Law 
c. The condition that changes of state are 
adiabatic. 
d. Equation of State for the fluid 
In the case of water, and probably most liquids, 
the equation of state is usually presented in a form for 
adiabatic compression. When the EUlerian form of ex-
pression, wh~ch examines the velocities at given points 
in the inertial co-ordinate system, is used, the follow-
ing set of quasi-linear differential equations are 
*Consult Courant and Friedrichs (48) for a com-
plete discussion. 
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derived from the above tenets. 
dY- / 
Jt t- V-J71/ -t- 17 p= 0 J 
dj 
V-frV} Jt 1- =0 
P -{- B - cf r -= () 
* In general, these equations are very difficult 
to solve, but methods have been presented for partic-
ular simplified cases. Even then, it is unusual when a 
solution in terms of elementary functions can be found •. 
In particular, the mathematical theory has been 
worked out quite well for the case of one dimensional 
unsteady flow, where the fluid motion depends on one 
I ~~ 
space co-ordinate, say x, and time onlyZ' By use of the 
equation for the velocity of sound, the dependent vari-
ables may be reduced to two: velocity u and density f . 
The differential equations are hyperbolic in nature, and 
are therefore amenable to the method of characteristics. 
Facile numerical integration is possible in principle, 
if not in number of steps required or accuracy to be 
maintained. Closed analytical solutions can be found 
*A bar over the letter v indicates a vector quantity. 
**Courant and Friedrichs (48) offer a complete deri-
vation. de Haller (49) shows a brief derivation. 
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only in rare cases. 
At every p·oint in the x, t plane the ,hyperbolic 
nature of the equ3tions is responsible for the existence 
of certain directions with special properties. 
Suppose that x ( ! ) and t (!) represent a 
curve in the x, t plane, and therefore~~!Ay is the 
slope of that curve at a pOint. If a linear combination 
of the two differential equations of motions is made, it 
is possible to find parameters such that u and f will 
combine to derivatives in the same direction which is 
known as a "characteristicll direction. If that direction 
J.x j"Jt is the same as the slope of the curve, /lj J1 ' then two 
solutions for the characteristic direction are found; 
dX dt 
-as - (u 1- a) rJ -
'Jx )1: 
'dj = Eq-ClFF~ 
These two equations specify different slopes for 
each point in the x, t plane and therefore they deline-
ate two families of intersecting one parameter lines 
which form a network. It is now natural to designate 
new parameters q and;8 to indicate the positive and 
negative families of curves, in such a way that,/3 is 
constant along a plus line and q is constant along a 
negative line. We now rewrite the above equations in 
the clarified form.!" 
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01..1' 'Jt 
- (l( -!- cz) 
de( - de{ 
dX ( u. - a) dt ;;),;5 - p,,& 
Two more equations are derived from the con-
dition that characteristic directions exist, which hold 
along the charateristic directions only. Note that the 
equation dependent upon c:y holds along 0{ characteristic 
lines only, and vice versa. Here they are written as 
applied to spherically syw~etric flow. 
dLl. a. ?L au dt 
;;;Ie( + +2 } oC( A do( o 
du Cl. !t 
-2. aU dt 0;8 f ~ X ~ o 
~ 
We now have four equations, associated in pairs, 
to describe the fluid motion. From the form of these 
equations, one may well change the conceptual relation-
ship of the quantities. c( and;:l are very logically 
regarded as curvilinear co-ordinates while u, f' x, and 
t are considered to be the dependent variables. 
Observation of the first pair of equations shows 
that they have a beautifully clear physical significance: 
the slope of the characteristic lines represent the speed 
at which a perturbation is propagated through the fluid 
relative to the inertial co-ordinate x. Thus the term 
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u + a shows the "absolute ll velocity of a wave proceed-
ing in the direction of increasing x co-ordinatel 
while u - a is the velocity in the opposite direction. 
As yetI one more step remains to present the 
second set of equations in a form most suitable for ap-
plication. This may be accomplished by use of the 
Riemann Invariants l which reduce the equations~ in the u, 
a plane, to straight lines modified by a divergence 
term. 
iJll z.. dtl 2 au ;)t 
dtl( f- -- dq ,.. = 0 (--/ X de( 
;)1.{ 2- Jt<.. c aa Je 
#j3 ;1 ,P' ~ = tJ 1'-1 X 
It should be noted that equation of state of the 
exponential form, which includes the Tait equation, has 
been assumed to evaluate the Riemann Invariants. 
These equations dictate the formation of a second 
network in the u, a plane. Each characteristic line in 
the XI t (space-time) plane has a corresponding line 
in the u, a (velocity-velocity of sound) plane, d~c­
tated by the corresponding equation in the second set. 
A complete solution may then be represented by 
the networks in the two aforementioned planes, which are 
often known as the Plane of Wave Propagation and Plane 
of State, respectively. It is to be noted that the 
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~olution thus obtained is exact insofar as the original 
assumptions are met and the calculations are sufficiently 
accurate. 
6:3. Dimensionless Variables for Calculation 
In order to present the solution to a problem 
of fluid motion in the most general form, it is desirable 
that as many of the variables as possible be measured in 
terms of physical units pertinent to the problem. This 
procedure has the merit that it not only presents the 
data in a form of clear physical significance, but that 
the range of variables come within convenient numerical 
range. 
These variables are defined below with brief 
notes as to their physical significance of one unit. 
r %=-
Ro 
Time required for a sound wave to travel from 
the origin to the original bubble radius when 
the liquid is at atmospheric pressure. 
Radius of co-ordi~~te system. 
radius at 1. 
Original bubble 
u 
t/= Velocity in terms of velocity of sound at one flo 
atmosphere. (Not a Mach number) 
a A= a
o 
Velocity of sound in terms of velocity of 
sound at one atmosphere. 
R q= Ro Radius of Bubble Wall in terms of origi~~l 
bubble radius. 
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. qc=: Velocity of Bubble Wall in terms of sound at 
= one atmosphere. 
6:4. Nature of the Solution 
The type of problem most amenable to the use of 
the Characteristics Method of calculation is known as an 
initial value problem; namely, given the condition of 
the fluid at a certain set of corresponding pOints in 
the x, t and u, a planes, plus the boundary condi-
tions, calculate the subsequent history of the fluid 
motion. 
The nature of compressible unsteady flow is 
clearly presented by two concepts. The first is the 
"Range of Influence,lI which is the region in the x, t 
plane subsequent to a particular point 1 and included 
between the plus (+) and minus (-) characteristic 
lines which pass through that pOint. An illustration is 
shown in Figure 9. 
The disturbance caused by pressure and velocity 
at the point in question obviously cannot be propagated 
through the fluid at a speed greater than the local 
speed of sound. Thus the region outside the triangle 
bounded on two sides by the plus and minus character-
istic lines cannot be affected by conditions at point 1. 
This is often expressed by saying, lithe point n cannot 
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know about conditions at point 1.11 
In a similar fashion~ the IIDomain of Dependence ll 
is the original data (initial conditions) whose values 
affect the velocity and pressure at the pOint of interest, 
say Point 2. By the same reasoning as previously applied, 
this data must be included between the plus (+) and 
minus (-) characteristic lines passing through point 2 
as illustrated. 
Clearly, as time elapses, more and more original 
data affects the values ~t a particular pOint in the 
field. Conversely, a finite set of initial points can 
supply a solution for only a limited portion of the motion. 
These facts have their beneficial asspects, since the in-
fluence of a given point of initial data on a point in 
the field is "diluted ll strongly as the network is 
developed •. For this reason, isolated errors do not in-
validate more than a small region of a solution. 
In general, the characteristic lines in either 
the x, t plane or the u, a plane are not known at the 
start of the solution, but must be laid out and calculated 
from the slopes as the solution progresses. 
It should be noted that the existence of such 
Domains of Dependence and Ranges of Influence is inher-
ent in the natpre of wave propogation. In equilibrium 
states and subsonic steady flow, however, all the pOints 
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of the medium are interconnected, and the equations are 
elliptic. 
6:5. Method of Calculation 
Four Equations have been obtained to describe the 
motion of the compressible fluid by means of a network 
in two planes, the x, t and the u, a, which will be 
known henceforth in their dimensionless nomenclature as 
x, Z and U, A planes respectively. 
For convenience in calculation, the normal co-
ordina tes cf J (3 are dropped, the equa tiona then being 
written as finite difference equations. This is per-
missible because only one independent variable appears 
per equation. However, a designation must be retained 
to indicate which line is being considered. One con-
vention which has been widely adopted names the wave 
proceeding in the direction of increasing X co-ordinate 
a plus (+) wave, and the wave proceeding in the direc-
tion of decreasing X co-ordinate a minus (-). 
The equations as used, then, are written in the 
following form using the notation described: 
4A :::: -34tJ 
+ + 
GAl/ 4 Z 
...-r 
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It is seen that the slopes in the X, Z plane 
are determined by U + A or U A. Each line is de-
signated by a number or letter, and the intersections 
are thus named according to the lines passing through 
them. By convention, the plus (+) line is always 
mentioned first and thus the pOint B, 7 is the inter-
section of plus characteristic line B with minus 
characteristic line 7.* 
Each point in the X, Z plane has a corresponding 
point in the U, A plane which indicates the velocity 
and velocity of sound at that point. Both the plus and 
minus designation as well as the nomenclature for inter-
sections are carried over to the U, A plane for 
clarity. To find the velocity and sound velocity at a 
particular intersection on the X, Z plane, it is only 
necessary to look up the same intersection on the U, A 
plane. It is to be noted that a point on the U, A 
plane representing velocity and sound velocity may cor-
respond to several points in the X, Z plane, but the 
converse is physically impossible. 
The calculations are performed point by point 
through the portions of the field which are of interest, 
*Figure showing a collapse solution illus-
trates the principle. 
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starting from selected data at Z -;:: O. The process is 
iterative at each point, but fortunately converges quite 
rapidly. The graphical nature of the work and the iter-
ation make the computation self-checking. As the history 
of the flow is unfolded a pattern is created in the net-
work of lines drawn in the X, Z and TI, A planes, 
and any irregularity of more than minor importance stands 
out immediately. Furthermore, the nature of the Region 
of Influence indicates that the effect of an isolated 
mistake is soon diluted and is covered by the correct 
values within the Domain of Dependence. 
To illustrate the method of calculation, let us 
suppose that the pOints (1, 7), (2, 7) and (2, 8), as 
shown in Figure 10, are known, and that we wish to cal-
culate the values of TI, A, X, and Z at a new point 
known as (1, 8). The sequence of steps found most sat-
isfactory is given below: 
a. Estimate the values of TI, A at pOint (1, 8) 
from the TI, A plane. Once the pattern is partially 
developed the calculator can become remarkably accurate 
in his predictions. 
b. Calculate mean values of TI, A between each 
of the known points (1, 7), (2, 8) and the new point 
(1, 8) using estimated values at the new point. 
c. Calculate mean (dA') = TI+A from point 
dZ-J-
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(1, 7) to new pOint (1, 8). This is the estimated 
average slope of the plus (+) characteristic. By use 
of a drafting machine draw this slope on the X, Z dia-
gram. 
d. Calculate mean (;;1- = U-A from point 
(2, 8) to new point (1, 8). This is the estimated 
average slope of the minus (-) characteristic. By use 
of the drafting machine draw this slope on the X, Z 
diagram. The intersection of the two lines is the new 
point to a surprising accuracy. 
e. After noting the values of X, Z at the new 
point (1, 8) I calcula te L1 Z-;..' tJ Z_ and the mean values 
of X between each of the previous points and the new 
point. 
f. 6AV Calcula te rIA+ = X and 0 A_ = 6/lV 7 from their 
respective mean values and layout as shown in the 
illustration. 
( dA ) d/}~ g. Draw dO/.:= -3 and(r =.3 from the 
'I- t/._ 
points determined by d ,,1-;-- and a A_ • The intersection of 
these two lines gives the calculated value of U and A. 
h. Compare the calculated value of U and A 
with the estimated value, and repeat the entire process 
if agreement is not satisfactory. The diagrams should 
be checked for regularity of pattern. 
A sample calculation sheet is included in the 
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appendix to show how the computations were carried for-
ward. It was suggested that a purely numerical method 
of iterative calculation should be used~ but this amounted 
to more work than the graphical means. The best t1me 
which could be made consistent with accuracy was fifteen 
minutes per pOint. 
Attempts were also made to do the computation by 
means of the Differential Analyzer at UCLA or the IBM 
punched card machines at the Cebp Wind Tunnel. The 
former was not adapted to do the problem, except by com-
plicated repetitive means which would have tied up the 
entire Analyzer and staff for at least a week. The 
latter was not investigated completely because the ex-
pense would have amounted to about $1,000.00. 
The Analogue Computer staff examined the equations, 
and found it would be unable to accomplish the task. 
There were no suitable multipliers available nor could 
the high accuracy required be obtained. 
Since all pressures in the computations appear 
as the dimensionless velocity of sound, A, the accuracy 
required is beyond anything except digital type com-
puters. For example, when P = 100 Atmospheres, 
A =1.0120. In all the numerical work, the velocity of 
sound was carried out to at least four digits after the 
decimal. 
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The accuracy of the results is dependent upon 
the interval chosen, as well as the accuracy with which 
the numerical and graphical work is carried out. To 
check the interval size required, duplicate calculations 
were occasionally made with half the usual interval. If 
the results checked well, no alterations were made. In 
the progress of the calculation it was found necessary 
to reduce the interval several times as velocities became 
great and spherical divergences (aAs) also became large. 
In some cases it was found that the interval was smaller 
than need be. 
The temptation to use an interval larger than 
required for good accuracy was great, since the number of 
calculations required is proportional to the inverse 
square of the interval. 
All n~merical work was done on a desk calculating 
machine and all graphical work was done on two drafting 
tables simultaneously. The lines were laid out to a 
, 
large scale with the aid of drafting machines. Angles 
were thereby drawn to an accuracy of plus or minus 5 
minutes. Since very large scales were used, and the 
intervals were kept quite small, it is estimated that 
most calculations are good to four significant figures. 
In regions of rapid change, this may be reduced to three 
significant figures. 
VIII. Bubble Collapse 
A solution was planned for the bubble case where 
the boundary conditions on the fluid motion were identical 
with the Rayleigh solution. The pressure inside the 
cavity is considered to be constant and equal to the 
vapor pressure of water. 
Considerable effort was expended in the attempt 
to find an approximate means of integrating the equations 
of motion. A numerical solution was deemed satisfactory, 
provided it involved appreciably less computation than 
the Characteristics Method, while retaining sufficient 
accuracy at high velocities. No solution was found which 
would meet these requirements. 
It is to be noted that the approximations made 
in most high velocity theories are not applicable here. 
This was brought out forcibly when the exact solution was 
computed. Velocities exceeded Mach number 1.0 while 
pressures attained enormous values on the order of 
15,000 Atm. in the region studied. This resulted in 
density increases of about 30% and dimensionless veloci-
ties of sound equ~lling 1.9. For these reasons, the 
velocity of sound could not be assumed approximately con-
stant, nor could the density. 
Furthermore, it was not possible to make any ap-
proximations concerning the velocity distribution, be-
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cause the term in the continuity equation which expresses 
the rate of change of the density became relatively quite 
important. A plot of the velocity distributions obtained 
is shoWn in Figure /3, and it is seen that the deviation 
from the inverse square law for incompressible liquids 
is considerable. A large portion of each distribution 
curve is exponential, but the exponent is variable during 
collapse and no approximation of this nature was found 
useful. 
The clever approximate method of solution for 
the propagation of a shock wave in water worked out by 
Kirkwood and Bethe (53) was not adaptable because the 
conditions were too different. In their case, it was 
possible to consider the effect of waves moving in one 
direction only, the result of the other waves being ap-
proximated by shock jump conditions only. 
For these reasons, it was concluded that the only 
satisfactory solution would have to be exact, particu-
larly since special interest lay in the region where 
velocities are equal to that of sound and tremendous 
pressures are encountered. 
7:1. Boundary Conditions 
It was decided that the boundary conditions 
should be identical with the Rayleigh solution with con-
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stant internal pressure. Aside from the desirability of 
direct comparison between an incompressible and a com-
pressible theory, this choice can be defended on the basis 
of Section IV on the interior of the bubble. 
In addition, surface tension was neglected. The 
resulting tension is equal to the vapor pressure of 
water at TO~ when the bubble has a radius of only 2.65 x 
10-2 inches. This amounts to approximately 0.2Ro for 
the 0.14 inch radius bubbles observed by Knapp and Hol-
lander (17). At approximately this size, the velocity 
becomes considerable, and thus the surface tension would 
tend to counteract any pressure increase in the vapor at 
the bubble wall due to finite condensability. 
Admittedly, surface tension would apparently be-
come important for bubbles whose maximum size were less 
than about 0.01 inches in radius, but here the total 
energy associated with a single collapse is comparatively 
small, about 1/2400 of the larger bubble. It will be 
shown later that the shock wave emitted from a collapse 
is not capable of dOing material damage at distances 
greater than one bubble radius from the point of collapse. 
Thus, for a bubble of less than 0.01 inches radius, the 
range of damage would be severely limited and probably 
the presence of boundary layers would insulate the wall 
from shock. 
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The pressure at infinity was assumed to be con-
stant. This does not agree with the data from the CIT 
Water Tunnel, but the differences are small enough to 
warrant error for the sake of maintaining a strict cor-
respondence to the Rayleign case. 
This pressure remains as one of the independent 
parameters in the solution. However, it exerts no in-
fluence on the essential character of the solution ob-
tained, lower values merely postponing high pressures 
and velocities of the liquid until smaller bubble radii 
are attained. Therefore, the selection of a particular 
value does not prejudice the nature of the result as 
long as e -11~o which is naturally required for col-
lapse. The same remarks would apply to the selection of 
a value for Pv ' 
In order to correlate with data taken from the 
CIT Water Tunnel the following values were chosen: 
Po(> -= .544 Atm. A ::0 0.999937 
.... 
Pi -= .027 Atm. Ai :::: 0.999857 
Only the latter value is used in the character-
istic portion of the solution, specifying the condition 
at the bubble wall. This boundary condition appears as 
a horizontal straight line in the U, A plane of state. 
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7:2. Initial Conditions 
Since the Characteristic Line Method is normally 
applied to find the subsequent history of flow given the 
initial conditions, the logical place to start would be 
at the maximum bubble size. There is, however, the 
problem of completing a solution within a reasonable 
length of time. 
In this solution involving wave propagation, a 
modified time seale suitable to the problem has been 
adopted, namely Z=aot/RoJ one unit being the length of 
time required for a sound wave to travel the radius of 
the original bubble size. It is then easy to calculate 
the total Rayleigh collapse time in terms of Z: 
-t 
7 
t 
-
0.9/5 Rolh 
l } 
o. 9/5 ~ /;yO rBJ :0: /88 
Y e -~K 
Cl
a 
= -( r(lf-B) 
J 
Thus the work involved would be at least equi-
valent to starting with initial data from r= Ro out to 
r = l88Ro ' The tremendous amount of work involved m~y 
be more readily appreciated if one calculates that the 
time remaining, according to the Rayleigh theory, after 
a bubble has passed o/oo~ 0.08. This time is only 
-100-
0.183 units of Z. Yet this point is the beginning of 
the region requiring precise examination with the exact 
theory. 
For these reasons it was clear that the best re-
sults were to be achieved by employing the incompressible 
theory for the major portion of the collapse, the exact 
compressible theory being applied when velocities and 
pressures become-appreciable with respect to compres-
sibility effects. In this way more effort was expended 
examining the regions of particular interest. 
The Rayleigh solution was then written in terms 
of the dimensionless variables to be employed throughout 
the analysis: 
.2 Z. 
q == .3 
p-~ 
p-p 
"'" l 
where the variables used are defined in Sections V, 3, 
and Appendix 1. 
The selection of a starting bubble size ratio, Q, 
for the compressible solution was made on the basis of 
the above equations for the boundary conditions selected. 
The radius chosen for the application of the compressible 
• 
theory was Q:= 0.08 where Q =0.179. 
Since the velocity distribution in the flow field 
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is taken as proportional to the inverse square law up to 
this point, all other velocities are considerably smaller 
with respect to the velocity of sound. At this bubble 
size the maximum pressure is found in the surrounding 
field at X = 1.587 ~ and was calculated to be 159 Atm. 
This corresponds to a dimensionless velocity of sound 
A = 1.0223 and a density ratio F/fo = /,0074 • 
From these data it is clear that the error caused 
by the assumption of incompressibility is very small 
throughout the greatest part of the field. However, the 
error is magnified at the bubble surface due to the 
effect of convergence, and this pOint must be considered 
specifically. 
The Berring (45) solution for bubble wall veloc-
ity is considered valid up to the value for ~ = 0.08 
. 
which is ~ = 0.165. The difference between the Rayleigh 
value and this is not serious, since it applies only to 
the region i~mediately at the bubble wall, whereas the 
results of a Characteristic Line solution depend upon 
the accuracy of the initial data throughout the entire 
Domain of Dependence. In this particular solution, the 
Domain affecting the velocity of the bubble wall was 
found to extend to X ~ 0.26 Or 3.25 bubble diameters 
into the surrounding field. In the ensuing solution, 
the Characteristic Line solution is seen to be nearly 
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tangent to the Herring solution where the two intersect, 
as shown in Figure 12. 
The results in the range where pressures and ve-
locities become extremely high is therefore not invali-
dated by what appears to be an 8% error in initial con-
ditions because this error applies to only the worst 
point in an entire set of data. It is regretted, how-
ever, that the Herring solution is contained in a War-
time report not generally available, and that is con-
cerned only with the bubble wall veloCity, giving no 
pressure or velocity distributions. It does not appear 
in the Taylor Model Basin Bibliography report (5) on 
Cavitation published in 1947, which is usually complete. 
Given the initial data at n~ 0.080 out to 
X= 0.32, the computations commenced by arbitrarily 
establishing Z= 0 to correspond. The values for U 
and A at selected points in the Domain of Dependence 
were then calculated and plotted in the U, A plane, 
this being then the z=o locus. The computations were 
carried forward by the scheme explained in Section 6:5. 
7:3. Symmetn 
Complete spherical symmetry was assumed through-
out the studies, although cavitation normally occurs in 
the neighborhood of a boundary. It would seem as if the 
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presence of a wall next to the bubble might cause con-
siderable disruption of symmetry~ but photographs of 
bubble histories taken in the Hydrodynamics Laboratory 
show remarkably little distortion from the spherical 
shape. Distortion does occur when contraction is nearly 
complete. 
The assumption of symmetry is particularly im-
portant in the latter stages of collapse, when enormous 
pressures and pressure gradients are calculated to exist. 
The cause underlying these pressures is the dynamic con-
dition whereby the liquid between the pressure maximum 
and the bubble wall is being accelerated at the expense 
of motion farther away from the origin. The net result 
is that a finite amount of momentum is being transferred 
to a smaller and smaller mass which moves a t higher 
velocities. 
In the Water Tunnel at Caltech, the cavitation 
bubbles observed photographically are formed directly on 
the surface of the model, and remain in contact through 
most of their life histories. Their general shape is 
spherical~ down to the I1latitude" at which the model sur-
face is intersected. The usual angle of contact with 
the surface allows the bubble to be somewhat more than a 
hemisphere. 
This extreme pr~imitDv Of the model surface would 
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seem to be sufficient cause for disruptions in symmetry. 
Observation indica~es that the asymmetries due to the 
presence of the model are unimportant, since the dis-
tortion which does occur in the last portion of collapse 
seems to be caused by an adverse pressure gradient in 
the direction of flow. 
However, 'it is felt that the simplification of 
complete symmetry does not obscure any major effects, 
except possibly in the final stages of collapse, when the 
inward velocities are arrested. It is this region which 
is as yet unknown, and which seems destined to remain 
obscure for some time. 
7;4. The Solution 
The solution for the bubble collapse as. it ap-
pears in the X, Z (wave propagation) plane is shown in 
Figure 11 which is folded in the pocket in the back. The 
Domain of Dependence for the ensuing compressible com-
putations in shown along the axis at Z = 0, and was cal-
culated out to X=0.32. It is to be noted that the 
bubble wall, which is designated by point 0, has already 
reached Q=0.080. The subsequent history of its location 
is given by the boundary line which ascends from point O. 
The individual Characteristic lines are desig-
nated according to the number or letter associated with 
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the data point on the bOillldary from which the particular 
Characteristic line emerges. Plus Characteristic (1), 
for instance, commences at pOint (1) and runs upward 
to the right, indicating a wave moving in the plus X 
direction. Likewise, a minus line emerges from the same 
pOint (1) and runs upward toward the left, indicating 
a wave moving in the minus X direction. 
The computations were made for the intersections 
of the characteristic lines, and each point is therefore 
designated by the number or letter associated with the 
two intersecting lines. The convention was established 
that the plus designation is always mentioned first in 
specifying a particular point. Thus point (4, 11) is 
the point where plus characteristic line (4) meets 
minus characteristic line (11). 
The calculated values of U,A, X, and Z for 
each intersection are to be found in Table V arranged by 
means of the designating numbers, or letter and number. 
These points are grouped according to the plus character-
istic on which they occur. Thus pOint (4, 11) is the 
eleventh point to be found in the fourth group. 
The boundary condition of constant vapor pressure 
inside the bubble is applied when each minus character-
istic line reaches the bubble wall. Here then, values 
can be calculated which serve' as data for new plus 
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characteristic lines which subsequently propagate the con-
ditio~~ felt at this point out into the flow field. 
These lines are designated by letters to distinguish 
them from the lines which emerge from initial conditions. 
Therefore point (A, 1) is the point where minus charac-
teristic line (1) meets the bubble wall and where the 
pressure must equal vapor pressure. All subsequent 
points on characteristic line (A) have been directly 
affected by the boundary condition at the bubble wall. 
It will be noted that after Q= 0.080, the 
region of the flow field farther out than about X= 0.26 
cannot affect the velocity of the bubble wall because the 
minus characteristic line (13) shown in Figure 11 
emer ging from X = 0.26 at Z = 0 does not rea ch the 
bubble wall before complete collapse occurs. 
It will also be noted by the plus characteristic 
lines that in this latter stage of collapse the high 
pressures experienced in the neighborhood of the bubble 
wall cannot be propagated far out into the surrounding 
field before collapse is completed; This is also shown 
by the energy distribution curves to be discussed later. 
7:5. Discussion of the Results 
In general, the velocities and pressures calcu-
lated for the collapse of a bubble in a compressible 
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liquid are reduced from those calculated from the in-
compressible case~ as would be expected intuitively. 
The reduction of pressures is very marked in the latter 
stages when pressures are on the order of 1/10 of those 
calculated from incompr~ssibile theory. 
The calculated velocities are also substantial-
ly reduced, though not as markedly as the pressures. It 
is of particular interest to note that the velocity of 
sound does not serve as a barrier to higher velocities 
and no upper limit is prescribed by the theory employed. 
a. Velocities 
The velocities calculated for the bubble wall 
are presented in Figure 12 as a function of the bubble 
wall radius, Q. The Rayleigh solution and the Herring 
solution are also shown, as well as the ratio of computed 
velocities. 
The velocity at Q = 0.08 was assumed to be 
equal to that of the Rayleigh solution, compressible 
effects being taken into account from that point onward. 
The velocities computed considering compressibility are 
seen to deviate slowly but definitely downward from the 
incompressible. When Qinc = 1.00, Qcomp = 0.685 or the 
incompressible velocity is 1.45 times as great as the 
compressible. 
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When Qcomp = 1.00 the incompressible value has 
increased 1.74. The velocity of sound does not deter 
the bubble wall from higher velocities. Observation of 
the curve shows that the tendency toward higher velocities 
as the radius is reduced is marked, and does not lessen 
much as supersonic velocities are reached. 
The fact that sonic velocity does not limit the 
speed of a compressible fluid is well known.* It has 
been shown that a limiting speed, known as the escape 
velocity, does exist for a compressible fluid flowing in 
a straight pipe. However, in a converging section, the 
pressure and velocity of sound are increased by the 
narrowing cross section. While a portion of the fluid 
is pushed ahead at increasing velocities, the remainder 
is decelerated. In this way, momentum and energy are 
transferred to a smaller and smaller mass of fluid as the 
collapse progresses, and ever increasing velocities are 
therefore to be expected. 
Examination of the Wave Propagation Plane (X, Z) 
Figure 11, shows that the.minus characteristic lines are 
still able to reach the bubble wall after sonic velocity 
has been obtained. Therefore perturbations within a 
* Courant and Friedrichs (48) 
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limited distance can be expected to drive the velocity 
higher. 
It is also seen that, unlike the case of a 
straight tube, the plus characteristic lines are 
propagated outward in the field, even though some delay 
must occur when Mach number is greater than 1.00. The 
reason for this behavior is the fact that the velocity 
is an inverse function of the radius. As the perturbation 
travels away from the bubble wall along a plus character-
istic line, it eventually reaches a region where the 
velocity of sound is higher than the inward velocity of 
flow. The slope of the characteristic direction then 
changes to positive, and the line moves away from the 
origin. Characteristic line (X) is a good example of 
this effect. 
Extrapolation of the velocity versus bubble wall 
• 
radius curve in Figure 12 leads to values of Q=7 at 
n~lKlllI barring any extreme pressure increases against 
the bubble wall. Since this velocity is 33,500 feet per 
second, it is effectively infinite and the original as-
sumptions must be invalidated. However, it is hard to 
see how the pressure inside the bubble could be effective, 
since the extrapolated value of the pressure maximum in 
the liquid, reaches 7 x 105 Atm. as may be seen from 
Figure 15. 
The velocity distribution is calculated for the 
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liquid su~rounding the bubble at several different times 
corresponding to different bubble wall positions. The 
curves are shown in Figure 13. 
For an incompressible fluid, the velocity 
distribution may be calculated from the continuity 
equation alone, and is proportional to the inverse 
square of the radius. When the fluid is compressible, 
the continuity equation is no longer directly integrable 
due to the variable density. Therefore the deviations 
from the inverse square law are a measure of the import-
ance of compressibility. 
The velocity distributions in Figure 13 are 
plotted against radius on log-log paper, and the slope 
of the curve is thus equal to the exponent of X that 
the distribution follows. Calculated slopes as low as 
-1.34 are shown, which demonstrates considerable de-
viation from the incompressible value of -2. The trend 
illustrated indicates that even lower slopes would be 
found during the latter stages of the collapse. 
b. Pressures 
The same general character of pressure distribution 
is retained in the two cases, but pressures are much 
lower for the compressible liquid. Figure 14 presents 
the compressible and incompressible pressure distri-
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butions plotted as P/Pmax' for each case respectively. 
Each exhibits a strong pressure rise from the bubble 
wall back to a maximum point. It should be remembered, 
however, that the ratio of maximum pressures between 
incompressible and compressible solutions is 7.9 for 
the time selected. 
It is also interesting to note that the location 
of the pressure peak is approximately the same in the 
two cases with respect to the bubble wall radius ~K 
The peak is sharper in proportion for the compressible 
case than it is for the incompressible. 
After the point of peak pressure, the relative 
pressure for the compressible case decreases more 
rapidly than the incompressible, which gives the pressure 
peak its sharper appearance. The farther one moves out 
into the surrounding field the smaller the compressible 
relative pressure becomes with respect to the 
incompressible. This is to be expected from two 
physical interpretations: first, compressibility means 
that energy can be stored in the form of pressure, and 
only a small total amount is available; second, a finite 
rate of wave propagation means less pressure travels 
outward. 
The relative magnitudes of the compressible and 
incompressible pressures are illustrated by Figure 15, 
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where the maximum pressures are plotted as a function of 
bubble wall radius for each case. The compressible peak 
pressure starts deviating markedly from the incompressi-
ble the moment Characteristic computations begin, and 
continues as a straight line on log-log paper. The 
slope of this line is 1.91 as compared to 3.00 for the 
incompressible pressure. 
The ratios obtained between peak pressures 
become very large, reaching 9.6 at Q = 0.010, and 
continue to increase as the bubble collapses. Thus a 
marked diminution of pressures is predicted during the 
collapse period. 
The general history of the pressure distribution 
in compressible flow is clearly illustrated by Figure 16, 
where the pressures in the surrounding field at several 
bubble wall positions are plotted as a function of 
radius X. After the peak pressure has passed, the 
pressure at a particular value of radius, X, is seen to 
continue increasing as the bubble collapses, but at a 
slower rate, eventually reaching a practically constant 
value. In the meantime, the maximum pressure point has 
continued inward to higher and higher pressures. 
c. Energy Distribution 
During the collapse period energy is continually 
being transported inward toward the origin, Figure 17 
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shows the sum of kinetic and potential (pressure) energy 
as a function of the dimensionless radius for several po-
sitions of the bubble wall during the latter stages of 
collapse. 
If the energy within a particular radius X is 
examined, it is found to increase as the liquid flows 
across it. On the other hand, the size of the sphere 
which contains a certain amount of energy may be calcu-
lated by integrating from the bubble wall outward. The 
size of the sphere which contains 40% of the energy avail-
4 a 
able from the work of pressure forces, E~-c:F .3lTR" is shown 
in Figures 17 and 18. As the bubble decreases in size, 
its radius decreases rapidly until the bubble is very 
small. Then the decrease becomes less rapid, and appar-
ently tends to the limit X = 0.051 as the bubble goes to 
zero. 
Judging from the shape of the energy curves com-
puted, this curve is typical of all constant energy plots. 
Since the mass of liquid near the bubble wall becomes 
very small, extreme velocities are to be expected. 
In the region near the bubble wall, the pressure 
energy stored in the liquid is small compared to the kin-
etic energy. When Q= 0.0074 for instance, the pressure 
energy at the pOint of peak pressure is only 9.4% of the 
kinetic energy at the same pOint. The velocity decreases 
so rapidly with radius, however, that the proportion of 
pressure energy is 22% at X=.0604. Between Q=0.0074 
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and X= 0.0604, 16% of the total is computed to be pressure 
energy. 
The proportion of total energy stored in pressure 
form is much smaller earlier in the collapse. When 
Q,= 0.023, only 4% of the energy is stored between the 
bubble wall and X= 0.776 is due to pressure. When 
Q, = 0.080, the point where the compressible solution was 
started, the pressure energy stored out to Z = 0.480 
was 2% of the total energy. 
It must be recalled that the Rayleigh solution 
cannot be considered valid at large distances from the 
origin, where the pressure is much less than that com-
puted from the incompressible theory. Therefore, the 
energy outside X=0.48 was not computed •. Furthermore, 
the Domain of Dependence for the region near the bubble 
wall extends to only X= 0.26 when Q,= 0.080 and the 
compressible theory is applied. Thus the energy far out 
in the field need not be considered. 
The conclusion may therefore be drawn that 
energy of compression does not soak up a large proportion 
of the energy available, and therefore velocities are 
inhibited only to a moderate degree. In addition, 
energy is not radiated during the collapse period, but 
is transported inward. Any radiation of energy which 
takes place must therefore be the direct result of ex-
treme pressures occurring when the inward motion is 
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arrested. 
7:6. Conclusions 
A summary of the results of the study of bubble 
collapse considering compressibility of the liquid is 
presented below: 
a. Velocities are less than those predicted by 
incompressible theory but sonic velocity does not act as 
an upper limit. 
b. No upper limit to velocities exists, outside 
of relativistic effects, 1i~less pressures of hi~ner 
order than the peak pressure in the liquid are applied 
against the bubble wall. 
c. Pressures are much lower throughout the 
field than the incompressible theory predicts, par-
ticularly during the latter stages of collapse. However, 
the pressures become indefinitely large as the bubble 
radius approaches zero. 
d. The maximum pressure i~ the liquid occurs at 
about the same radius as the incompressible solution, 
but the pressure decreases much more rapidly in pro-
portion at larger radii. 
e. The region affected by extreme pressures is 
comparatively small at the moment the bubble disa~p~a@s •• 
f. No energy is radiated before collapse is 
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completed. On the contrary, energy is transported in-
ward, and concentrated in the region immediately 
surrounding the bubble wall. 
g. The proportion of pressure energy stored in 
the liquid remains small until an arresting process 
begins: i.e., until high pressures are applied to the 
bubble wall. 
VIII. Impact and Radiated Shock Pressure 
Cook (6) calculated the pressures which resulted 
when the collapsing bubble is allowed to strike an in-
compressible ball of finite radius surrounding the 
origin. q~e values were based on the velocities calcu-
lated from the incompressible theory, compressibility 
being admitted the instant the liquid impringed on the 
baIlor impact surface. 
This assumption was made because the velocities 
predicted by theory tended to infinity as the bubble wall 
radius approached zero. It has been shown that the same 
anow~ly exists if the liquid is assumed to be compressible, 
like water. 
Furthermore, it has been shown in the section on 
the interior of the bubble, that the pressures which can 
be developed against the bubble wall by thermodynamic 
processes cannot be large with respect to the peak pres-
sure in the fluid during the finite portion of the col-
lapse when the bubble is filled primarily with water 
vapor. Therefore, it has been concluded that the liquid 
motion must continue inward ·to a very small radius at 
high velocity. However, since the origin is the center 
of symmetry, the liquid must be stopped abruptly as it 
reaches X== 0, producing an impact-like phenomenon. 
For these reasons, it has been deemed worth while 
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to examine the impact of the collapsing bubble against 
an incompressible ball, assuming the liquid to be com-
pressible. The high pressures created instantaneously 
would propagate outward as a shock wave carrying con-
siderable energy, the peak pressures dropping due to the 
spherical divergence. 
It is of considerable practical interest to know 
whether a bubble which collapses at a finite distance 
from a fluid boundary can radiate a shock wave capable 
of damage to materials commonly used in hydraulic 
machinery. Stepanoff (29) states that a bubble collaps-
ing in the stream can do no damage to a neighboring wall. 
However, Silver (54)* has computed the peak pres-
sure associated with an outward moving shock wave accord-
ing to his assumptions, which include the law of acoustic 
radiation. He finds that the pressure realized when 
the shock wave passes the radius corresponding to the 
original size of the bubble is on the order of 20,000 psi, 
and therefore is capable of damage to cast materials. 
One can, however, make calculations which are 
based on assumptions having more definite physical mean-
ing, and which produce a peak pressure at the shock wave 
which is certainly an upper limit to those actually 
·See discussion in Section 3:4. 
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encountered. 
8:1. Assumptions 
a. Compressibility is assumed throughout the 
collapse period, and therefore the velocities used for 
computation are somewhat lower than the incompressible 
case. 
b. Impact occurs against an incompressible im-
pact surface or ball, the pressure being a function of 
the bubble wall velocity only. It is higher than the 
pressure which would result if deceleration were to 
start at the same radius as the incompressible ball, zero 
velocity occuring at a slightly smaller radius, as by 
an arresting mechanism involving compression of the 
bubble core. This mechanism has the feature that only 
the layer of liquid at the bubble wall is affected at 
the instant of impact, the effect being propagated out-
ward slightly faster than the local velocity of sound as 
explained in more detail in Section 
The principal difficulty encountered by this 
analysis is the selection of a suitable radius Qi for 
the impact surface. For this reason Qi will be kept 
as a parameter whose effect will be examined as it varies. 
c. Impact pressures are calculated by the 
Characteristics Method using the adiabatic equation of 
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state for water. The pressure obtained, plotted as a 
function of velocity just before impact, are shown in 
Figure 19. The curve showing pressures computed by the 
acoustic theory is a straight line, and the Characteris-
tics method solution is nearly parabolic in form, giving 
much higher pressures at high velocities. This is due to 
the fact that the adiabatic equation of state decreases 
the compressibility of water as the pressure increases. 
However, both curves agree at low velocities. 
d. Shock wave radiation is computed by use of 
radiation theory developed for underwater explosions 
during the war. Acoustic radiation theory is valid at 
only small pressure increases and when particle motion 
is small. These conditions do not apply to the situation 
following impact, as Section IX shows. 
On the other hand, the shock wave data computed 
for underwater explosions and shown in Figure 20 would 
seem to fit the case being studied rather well. In each 
instance, a strong pressure shock advances rapidly into 
a region of much lower pressure. In the underwater ex-
plOSion, energy is being supplied to the liquid by pres-
sure against the wall of the gas bubble created by the 
products of combusion. In the case of the cavitation 
bubble, energy is carried across the shock front because 
the liquid still unaffected by the impact of closure is 
moving inward as the shOCk wave advances. The net result 
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of both energy transfers is to produce a pressure-time 
curve at a constant value of X which has approximately 
exponential decay. 
In Section IX a detailed study of the motion of 
the fluid after such an impact is computed by the Charac-
teristics Method. The pressure-time curve for the im-
pact surface is shown in Figure;::5 plotted on semi-log 
paper, and it is seen to be very close to an exponential 
decay. 
In the same section, the peak pressure at the 
shock wave is computed on the adiabatic theory and is 
plotted as a function of the radius x, in Figure 21. 
Also plotted in the same figure are the peak pressures 
as predicted by the propagation theories of Kirkwood and 
Bethe (53) plus Penney and Dasgupta used for underwater 
explosions. It is to be noted that the slope of each 
curve is less than minus 1, which is the acoustic value. 
The lower values of the Penney - Dasgupta and Kirkwood -
Bethe curves can be attributed to the accumulative effect 
of the entropy change across the shock wave which they 
take into account. 
Furthermore, Figure 20 shoVis that the explosion 
theories have been carried to pressures on the order of 
50,000 Atm. where the entropy change would be expected 
to produce an appreciable loss. Cole (48) indicates that 
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the Penney-Dasgupta (51) solution is to be preferred in 
this region, since it is a step by step integration 
utilizing the Riemann Invariants. 
8:2. The Solution. 
Utilizing the assumptions mentioned, the pres-
sures at impact against incompressible cores of various 
sizes were computed. These pressures became very large 
as the velocity of the bubble wall increased, and reached 
the astronomical figure of 268,000 Atm. when the impact 
velocity reached 2 a o' as shown in Figure 19. 
The peak pressure at the radiating shock wave was 
then computed as it passed the radius corresponding to 
the original size of the bubble, according to the pro-
pagation theories of PenneY-Dasgupta (51) and Kirkwood-
Bethe (53). The computed values are shown in Figure 22 
plotted as a function of the radius of the impact sur-
face Qo ' The magnitude of the pressures is seen to be 
of the order of 200 Atm. even when the impact radius be-
comes quite small. It is to be noted that the pressures 
are practically insensitive to the size of the incompres-
sible core. 
The data available did not permit the extension 
of the calculations to smaller impact surfaces, so the 
trends indicated on the curves cannot be verified. 
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However, it is certain that the energy dissipation at 
the shock wave becomes increasingly important at pres-
sures in excess of 50,000 Atm. The Penney-Dasgupta 
relation which is to be preferred in this regime, accord-
ing to Cole (49), results in a decrease in the shock pres-
sure as the impact surface becomes smaller. However, 
energy considerations would indicate that an asymptotic 
value should be reached. It seems probable therefore, 
that the pressure peak would be less than 300 Atm. as the 
shock wave passes r= Ro' At greater distances, the pres-
sure would, of course, be considerably smaller, varying 
approximately as l/r. 
Since the arresting process at the center of the 
bubble was assumed to be impact against an immovable wall, 
the pressures computed thereby must be the highest con-
ceivable. Therefore the actual pressure felt at r= Ro 
as the result of bubble collapse, must be less than that 
computed in this section, and damage to metallic materials 
by the radiating shock wave is not possible. 
8:3. Conclusions. 
a. Pressures during the arresting of the collapse 
motion must be very high. 
b. Spherical radiation of these peak pressures 
reduces their values more rapidly than the acoustic 
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radiation theory due to Lord Rayleigh. 
c. The peak pressures created by collapse on an 
inco~pressible ball of finite radius are less than 300 
Atm. when they pass r=ROI even when the ball is assumed 
to be very small. 
d. The pressures from an actual collapse must 
be s~ller than those computed for an incompressible ball. 
qherefore~ the shock wave radiated from a bubble collaps-
ing in a stream at a distance of at least one bubble 
radius from a boundary cannot be expected to damage that 
boundary. 
IX. Fluid Motion During Rebound 
Knapp and Hollander (19) point out that the com-
pressibility of liquid performs a vital role in the 
rebound phenomenon which they observed in the water 
turi~elK Whereas it is clearly shown that the reopening 
of a cavitation bubble which has collapsed is due to the 
temporary storage of kinetic energy in the form of pres-
sure energy, the detailed mechanism of this action is of 
further interest. 
It is true that there exists a fundamental dif-
ficulty concerning the events happening inside the cavity 
when the bubble apparently disappears. The processes 
which account for the arrest of the extreme velocities 
observed and speculated over. in calculations are as yet 
unknown. The section covering the Interior of the Cavity 
showed that ordinary thermodynamic considerations would 
not produce an appreciable effect in what may be regarded 
as the observable or finite regime of the bubble col-
lapse. These comments apply when the bubble considered 
did not develop from an air nucleus of appreciable size. 
The discussion in the previous section emphasized 
that the inward motion is stopped so abruptly when the 
size ratio, Q, becomes infinitesimal, that it may be 
modelled after impact against an immovable spherical 
barrier. The pressures occuring at the point of complete 
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collapse are purely speculative, since the choice of a 
proper size for a model barrier is a matter of dispute. 
However, it was shown that the peak pressure in the out-
ward moving shock wave resulting from the impact is re-
latively insensitive to the size impact surface assumed, 
if observed as it passes a given radius. 
Likewise, the sequence of events in the fluid 
field may be studied by the use of a model with an im-
movable spherical barrier at the center. The character 
of the events is not essentially different for various 
core sizes. Although this device is admittedly arti-
ficial, its properties are strictly definable, in con-
trast to the microscopic, non-equilibrium processes which 
must take place in the actual core, and which are at the 
present time the subject of speculation. 
Some striking similarities may be pointed out be-
tween complete collapse and rebound of a vapor bubble, 
and the rebound from an immovable sphere. 
a. A pressure which is high compared to the peak 
pressures in the fluid field is produced by the abrupt 
halt of the velocity at the bubble surface. 
b. The total inward moving momentum which must 
be halted and the total energy is nearly equal in each 
case. 
c. No energy is radiated until the local pres-
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sures rise due to the arresting mechanism. 
d. The impact pressure is produced so rapidly 
that a pressure discontinuity or shock wave is formed 
which propagates outward. (Note the distinct "clink ll 
associated with cavitation bubble collapse.) 
e. The fluid outside the shock wave is not af-
fected until a later time when the shock passes. 
f. Energy is radiated to infinity by means of the 
shock wave, thus decreasing the energy available for 
reopening the bubble. 
g. Outward radial velocity is created by the re-
expansion of the compressed liquid. 
h. The cavity reopens when the pressure drops to 
vapor pressure or lower. 
For these reasons, detailed study of the unsteady 
spherical motion of a compressible fluid which collapses 
against an immovable barrier was undertaken in the hope 
that a better qualitative understanding of the events 
taking place in the liquid may be obtained. In addition, 
an estimate of the energy radiated by the shock wave was 
found, since this was expected to be the major mode of 
energy loss. 
9:1. Boundary Conditions. 
The major requirement to be placed on the size of 
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the sphere to be selected is that it be small enough to 
permit the pressure at infinity to perform most of the 
work available during complete collapse, and that the 
impact pressures be great enough to produce appreciable 
change in liquid density. However, the pressures should 
not be so high that the equation of state could be 
doubted or that losses across the shock wave would be-
come large. 
The size selected was 0.10 the original size 
of the bubble, Ro where the velocity caused by a pres-
sure difference of one atmosphere is Q.=0.178. It 
produces an impact pressure of 5140 Atm. which is within 
the scope of the equation of state, and also produces a 
density increase of 15%, which is appreciable. 
The boundary conditions which are to be applied 
to the fluid after impact has occured are physically 
clear. The velocity of the liquid in contact with the 
immovable barrier must be equal to zero as long as a 
positive pressure exists at that surface. The question 
of the phenomena which occur when the contact pressure 
reaches vapor pressure will be deferred to a later 
section. 
9:~K Initial Conditions. 
The dimensionless time Z was chosen to be zero 
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at the instant the liquid contacted the immovable barrier. 
'l'he velocities and pressures in the fluid field at this 
instant were computed from the Rayleigh equation con-
sidering the pressure difference between infinity and the 
bubble interior to be one Atmosphere. The highest pres-
sure in the field was 157 Atm., which is small enough to 
warrant the neglect of compressibility effects. The 
bubble wall velocity was 0.178. 
The values of velocity and pressure at selected 
pOints were then utilized to form the Domain of Depend-
ence of a Characteristics Method Solution. 
9:3. Shock Wave Conditions. 
The sudden impact of the bubble wall moving at a 
• 
velocity Q= 0.178 produced an instantaneous pressure 
jump in the layer of liquid which was decelerated to zero 
velocity. In order to analyze the subsequent motion of 
the entire fluid field, the effect of the discontinuous 
pressure jump and its rate of propagation must be cor-
rectly analyzed. The theory underlying shock wave 
phenomena was worked out by Rankine and Hugoniot, and 
stems from three fundamental principles: Conservation of 
Mass, Momentum, and Energy. 
Courant and Friedrichs (48) point out that the 
entropy changes in water are so small that the Conser-
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vation of Energy is automatically satisfied approximately 
if the adiabatic equation of state is used. This simpli-
fies the calculations, since changes in velocity and 
velocity of sound are then restricted to satisfy the 
Riemann equations in the plane of state (U,A). 
In general, to completely specify conditions at 
a shock front, five quantities must be known: The pres-
sure and velocity in front of the shock wave and behind 
it, plus the velocity of the shock itself. This requires 
the knowledge of previous history both behind and in 
front of the shock. The following procedure was found 
satisfactory in calculating the shock wave at each point 
in its trajectory; 
a. Estimate the shock wave velocity. This can 
be done very accurately, since the velocity is nearly 
constant. 
b. Calculate the conditions in front of the shock 
wave, where the minus characteristic intersects the esti-
mated position of the shock wave, by means of the Charac-
teristics Method. 
c. Find a point (/,/1)) on the back side of the 
shock wave such that the plus characteristic through it 
intersects the estimated shock wave position at the same 
pOint as the minus characteristic on the front side of 
the shock wave. 
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d. Calculate the conditions on the back side of 
the shock wave by means of the Characteristics Method, 
following the plus and minus characteristic lines deter-
mined in the plane of state (U" A). 
e. Calculate the shock wave velocity from the 
Equation of Continuity across the shock. 
f. Check the values obtained, and iterate if 
more accuracy is required. 
9:4. The Solution. 
The solution as obtained from the Characteristics 
Method is hown in Figure 23, which is found folded in 
the pocket at the back. This is the X, Z plane, or plane 
of propagation. The shock wave is seen emerging from the 
impact surface at z= 0 and proceeding upwards and to the 
right as it propagates outward at a velocity slightly 
higher than the velocity of sound in the undisturbed liquid. 
It is to be noted that the fluid outside the shock wave con-
tinues to move inward as if no impact had occured, until 
met by the shock. 
Conditions behind the shock wave are entirely diff-
erent from those just in front, except that the en-
tropy is approximately the same. They may best be ex-
amined by means of Figure 24, where the velocity and pres-
sure distributions between the impact surface and 
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shock wave are shown for several specific times after 
impact. 
a. Velocities 
The first thing to note is that the velocity is 
restrained to be zero on the impact surface as long as a 
positive pressure exists there. Second, the impact 
against the surface produces a pressure rise to 5140 Atm. 
and a density increase of 15%. Third, succeeding layers 
of liquid moving inward impinge against the already de-
celerated layers, according to the shock wave conditions. 
The sum of all these effects are the velocity 
and pressure distributions shown. After the initial im-
pact, the pressure immediately begins to decrease, caus-
ing a decrease in density. Since the velocity at the 
impact surface must be equal to zero. the particles a 
few layers out must acquire an outward velocity according 
to the rate of increase of liquid volume between the 
point considered and the stationary impact surface. 
Therefore it is easy to see that the velocity must vary 
from zero at the impact surface to a maximum outward 
value at the shock wave. 
This general shape of the velocity distribution 
is maintained for the several times depicted in Figure 24. 
It may be noted that the particle (liquid) velocity at 
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the shock front is zero at the instant impact occurs, 
rises quickly to a maximum, and then reduced slowly, in-
dicating that the rate of change of the entire volume 
inside the shock changes in the same way. 
It should be re-emphasized that this velocity 
distribution is possible only because the term in the 
continuity equation which accounts for the rate of change 
of density is negative, and opposite in sign to the 
divergence of the velocity. 
b. Pressures 
The pressure at a given instant of time varies 
as a function of radius from a positive value at the im-
pact surface to a larger value at the shock wave, where 
the incoming undisturbed particles are met. The peak 
pressure is seen to reduce very rapidly at first, and 
more slowly later, being an inverse fli~ction of the radius. 
This pressure is plotted on log paper in Figure 21 and 
compared with the shock wave pressures as predicted by 
the Kirkwood-Bethe (53) and Penney-Dasgupta (51) under-
water explosion data. This agreement is seen to be 
reasonable enough to warrant its use in the examination 
of shock waves peak pressures radiated from tiny impact 
surfaces as studied in Section VIII. 
The pressure at successive instants of time be-
hind the shock wave is seen to reduce rapidly at first 
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and then more slowly. A plot of the pressure against 
the impact surface as a function of time in Figure 25 
shows that the pressure decrease is nearly exponential 
during a large portion of the contact period. This is 
similar to the history of underwater explosions. 
This particular curve shows a feature which has 
not been mentioned heretofore. The compression and sub-
sequent re-expansion of the liquid during rebound phe-
nomena must take a finite, though short, time. The out-
ward radial velocities which have the momentum to re-
open the bubble are developed through the action of the 
shock wave, the propagation of which requires time. In 
the example solved, the time interval until the pressure 
on the impact surface equalled vapor pressure amounted to 
Z 0.61. In terms of the bubble of 0.14 inches radius 
studied by Knapp and Hollander (19), this would amount to 
1.5 micro-seconds or 3% of the time between film exposures 
taken at 20,000 per second. 
This value is negligible but it is of importance 
to estimate its size for smaller impact surfaces, to find 
whether it can always be neglected. Dimensional analysis 
shows that this time should be on the order of: 
r -6 
t = <J" = /. 4 x /0 .sec c:. Q.
D 
@ r '" 0./0 .y 0. /4 In. 
where 
-135-
the rate of spherical divergence 
velocity of sound in liquid at one atmos-
phere 
thus it is clear that this time is negligible for smaller 
impact surfaces. 
c. Tension Wave 
At the time that the pressure is reduced to vapor 
pressure against the impact surface, the pressure and 
velocity distributions have the same general character 
as previously described: i.e., they vary from zero at 
the immovable barrier monotonically to a peak value at 
the shock wave. Therefore considerable outward momentum 
has been generated in a velocity distribution which is 
considerably different from the incompressible. 
Turning now to a particle which is located on the 
immovable barrier, it has been restrained by the previous 
positive pressure to remain at rest. The greatest out-
ward driving pressure which is now available is the vapor 
pressure of the liquid. However, in ordinary consider-
ations, the liquid is considered to cavitate when vapor 
pressure is reached. If this were true, no pressure 
gradient could exist to accelerate this particle, and it 
would remain seated on the incompressible core. 
A similar situation would be met with particles 
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between the barrier and the shock wave at later times. 
The positive value of the velocity divergence due to the 
monotonically increasing velocity as a function of X, 
means that the volume of this liquid must continually 
increase with time. Therefore vapor pressure would be 
reached first on the barrier and later at finite dis-
tances from the barrier. This effect is propagated at 
the speed of sound in the liquid. The locus of pOint 
dropping to vapor pressure is shown in the X, Z plane. 
If the liquid cavitated at the vapor pressure of 
water, no accelerating pressure gradient could act upon 
each particle at the time that it reached vapor pressure 
and cavities formed. Therefore each would continue to 
translate at the same velocity as it had at the instant 
of local rupture. Because of the fact that the diverg-
ence of the particle velocity would still be positive in 
this two phase region, its density would continue to de-
crease, thereby increasing the volume of the vapor 
portion. 
he~~ard (55) has analyzed the dynamics of what 
he has called breaking fronts: i.e., the interface be-
tween an intimately mixed two phase region and a homo-
geneous compressible liquid. He found that such fronts 
could advance or recede only at velocities equal to or 
higher than the velocity of sound in the medium. If the 
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liquid cavitates at vapor pressure, such a breaking 
front will develop when the bubble reopens, and the 
lIinteriorll region will consist of an intimately mixed 
two phase region in which each liquid particle will con-
tinue to translate outward at a constant velocity. This 
situation probably would continue until the outer regions 
of fluid are decelerated to a lower velocity, and many 
of the individual particles in the froth catch up with 
the slower moving solid liquid. 
On the other hand, there is evidence to show that 
liquids can stand considerable tensions for short periods 
of time, depending principally on the state of denucle-
ation. In steady state oscillation, Briggs and his as-
sociates (33) found that tensions of the order of 5 Atm. 
could be sustained. Harvey (38) estiwAted that tensions 
of the order of 100 Atm. had been achieved with his 
IIleaky piston ll experiments. 
Supposing that the liquid can sustain a moderate 
tension, a pressure gradient is then available from the 
bubble wall outward to accelerate the particles which 
have been virtually stagnated against or near the impact 
surface. The tension due to divergence of the flow is 
felt first and most severely at the inner boundary of the 
liquid. Rupture then occurs at the surface of the im-
movable barrier, and the pressure against the vapor-
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liquid interface rises immediately to the vapor pressure 
corresponding to the temperature of the liquid. A grad-
ient therefore exists from the vapor pressure down into 
tension of the liquid, which can accelerate the particles 
in the neighborhood of the bubble wall, producing a 
velocity distribution like the incompressible case. 
• 
The tension wave mentioned originates at the 
barrier surface ~~d propagates outward at the Velocity of 
sound, the locus of points in the X, Z plane dropping 
to vapor pressurePffihg the same as the case previously 
discussed, and shown by the dashed line in Figure 23. 
It is to be noted then that a maximum tension must exist 
somewhere between the point in the fluid which has just 
been reduced to vapor pressure, and the new bubble sur-
face which is moving outward. If this maximum tension 
should happen to be strong enough to rupture the liquid 
at a nucleus or weak spot a small distance from the new 
cavi~y wall, a secondary cavity could begin to form. 
It is seen, therefore, that the ability of the 
liquid to withstand tensions for short time pulses is 
very important in determining the mode of reopening. If 
the liquid has high rupture resistance, the bubble formed 
on rebound should be clearly defined. If the liquid has 
very low rupture resistance, the cavity should consist of 
a frothy, intimately mixed two phase region of vapor and 
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liquid particles. 
It seems likely that, for the tension wave dur-
ations of about a few microseconds being considered, 
ordinary liquids would exhibit a considerable ability to 
sustain tension. However, it would likewise be expected 
that numerous nuclei of solid particles and gas pockets 
of submicroscopic size would also exist in the liquid 
around the bubble wall. These would be incapable of 
supporting tension, in contrast to the strength of the 
homogeneous liquid. Therefore numerous small secondary 
ruptures might be expected in addition to a primary open-
ing. 
These conclusions would seem to be verified by 
examination of the photographic bubble histories due to 
Knapp and Hollander (19). The original bubble is a cleanly 
defined near-sphere seated against the model surface and 
it collapses to a point apparently just clear of that sur-
face. The reopening, which occurs almost instantaneously, 
is of quite different character. The new cavity is quite 
irregular, and at first looks opaque, like a cloud of 
tiny cavities. As it grows larger, it looks more like a 
cluster of merged bubbles, perhaps a dozen in number. 
This appearance is retained through its growth to maximum 
size and until the second collapse occurs. 
The dynamics of such a system is, of course, 
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extremely complicated, but an estimat~ has been made of 
the maximum size in the next section by means of energy 
considerations. 
d. Radiated Energy in Shock Wave 
One process which is a source of energy dissi-
pation is radiation. It has been shown that energy is 
transported inward as long as the pressure against the 
bubble surface remains at vapor pressure. However, when 
impact against an incompressible core produces an extreme 
pressure against the inner boundary of the liquid, radi-
ation can be expected to occur. 
It should be noted that the selection of a core 
equal to 0.10 Ro means that 99.9% of the work available 
from the pressure at infinity during complete collapse 
has already been obtained. Therefore the energy of fluid 
motion will be considered the same as the complete col-
lapse. 
The fluid motion which occurred behind the shock 
wave formed by the impact against the immovable barrier 
was essentially one of pressure relief. The dropping 
pressure resulted in a volumetric expansion of the liquid, 
causing outward radial velocities to accumulate to a 
maximum just behind the shock wave. 
The time history of the pressure against the 
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barrier was shown in Figure 25, where Z 0.61 is the 
time at which the pressure returned to the liquid vapor 
pressure. Therefore, the total impulse per unit area of 
the barrier, which is available to create outward momen-
tum, has been developed. That is to say, the only exter-
nal force on the liquid capable of producing the outward 
momentum necessary to reopen the bubble is the pressure 
acting at the barrier from Z.:: 0 to Z==0.61. After 
this time, the impulse is in the opposite direction due 
to p~ -Pv acting to retard outward momentum. 
In other words, once the bubble has started to 
reopen, a redistribution of pressures between the bubble 
wall and infinity could not increase the outward momentum 
which is available to reopen the bubble. Therefore, it 
has been assumed that the energy which remains in the 
form of compression of the liquid is carried away by the 
shock wave, and the kinetic energy of the outward moving 
particles is devoted to the work of reopening the bubble. 
The pressure energy per unit radius between the 
core at X= 0.10 and the shock wave at X= 0.54 has 
been plotted as a function of radius in Figure E:6. Be-
cause the surface area of a shell at a given radius is 
proportional to X2, in addition to the facts that the 
pressure increases as X increases, and energy per unit 
volume is approximately proportional to p2, the energy 
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per unit radius appears similar to a fifth power curve. 
Thus most of the pressure energy associated with the 
shock wave is concentrated in a comparatively narrow band 
immediately behind it. The figure shows that only 10% of 
the pressure energy is found between X:=: 0.10 and 
X = 0.39 1 whereas the remaining 90% is between X = 0.39 
and X == 0.54. It is difficult to imagine any mechanism 
which could capture this pressure energy and utilize it 
to reopen the bubble. 
Vrhen the pressure energy associated with this out-
going shock wave is evaluated l it is found to be equal 
to 47% of the total energy available by the work of the 
pressure difference P= -Pv during collapse. The remain-
ing 53% of the available energy is assumed to be devoted 
to reopening the cavity, complex though it may be. The 
equivalent spherical cavity would therefore be 81% of 
the diameter of the original bubble. 
This value is seen to be of the same order as the 
relative rebound sizes taken from data published by Knapp 
and Hollander (19). In that case, the relative diameter 
was 86% for the first rebound and 78% for the second. 
Later rebounds were smaller, but one would expect the 
greater turbulence of collapse with a cluster-like cavity 
to result in greater losses from viscous forces. It 
should be noted that the measurement of the diameter of 
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an irregular cavity is difficult, requires considerable 
judgment, and therefore the percentage of reopening 
~uoted is not strictly accurate. 
9:5. Conclusions 
a. Rebound can occur through the compressibil-
ity of the liquid alone, an immovable barrier acting as 
the agent for producing arrest of inward velocities. 
b. Considerable outward velocities are produced 
by re-expansion of the liquid which is compressed by im-
pact. 
c. An outward moving shock wave is formed, 
carrying considerable energy away. 
d. The outward moving shock is followed by a 
tension wave, which is responsible for the reopening of 
the caVity. The tension produced is the greatest at the 
inner boundary of the liquid until the cavity re-opens. 
e. The tension wave is responsible for a varying 
degree of secondary rupture to the liquid at pOints near 
the center of the new primary cavity, These secondary 
ruptures are responsible for the fact that the rebound 
cavity is no longer a cleanly defined portion of a sphere. 
f. The energy radiated by the shock wave is es-
timated to be 47% ~f the energy of collapse, which would 
allow the cavity to re-open to an equivalent diameter 
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81% of the original diameter before collapse. 
g. Time during which the cavity is completely 
closed is found to be of the order of one microsecond or 
less. 
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APPENDIX I 
Definitions of the Symbols used. 
SYMBOL 
a 
A,= a/ao 
b 
B 
DEFINITION 
Velocity of sound in the liquid. 
Velocity of sound in the liquid at 1 Atm. 
pressure. 
Dimensionless velocity of sound. 
Radius of liquid sphere which is condensed 
from the vapor in the bubble. 
Pressure constant in Tait's equation of state 
for water. 
Specifically defined in two equations as the 
Universal gas constant. 
C Constant in Taitfs equation of state for water. 
D Thermal diffusivity in water. 
e Specific energy due to pressure. 
f Symbol for a function. 
j. iRa.te::. o£:~MaplpftDran<pDfe:e between liquid and vapor 
at equilibrium conditions. 
m Gas proportion index. 
M Molal mass of vapor 
n A number or an exponent. 
P Pressure, used according to subscript. 
p Pressure appearing as variable of integration. 
Q = R/Ro Dimensionless bubble wall position, radius. 
R Bubble wall position, radius. 
r radius coordinate. 
Ro original or maximum size of the bubble. 
t Time .. 
SYMBOL 
T 
u 
v 
v 
x 
X:::: r/Ro 
Z::: aot/Ro 
e( 
V8 
J 
[3 
5 
- slRo - -- -f-/ -
f 
fv 
-zv 
-IS/-
DEFINITION 
Absolute temperature. 
Veloci ty. 
Dimensionless Velocity. 
Specific volume. 
Total volume. 
Space or lineal dimension. 
Dimensionless radius coordinate. 
Dimensionless time. 
Normal coordinate of plus characteristic. 
Normal coordinate of minus characteristic. 
Exponent of Tait's equation of state for water. 
Thickness of liquid layer through which tem-
perature gradient existB. 
Temperature gradient (vector notation). 
A parameter. 
Temperature rise. 
Shock wave position. 
Dimensionless shock wave position. 
Density of the liquid. 
Density of the vapor. 
Total time of collapse 
• Note: a dot ( ) immediately above a symbol denotes 
differentiation with respect to time, either 
dimensional or dimensionless according to the 
particular case. 
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TAStE I. 1 ... 8TIGATIOWS EMPLOYI.. VENTURia OR WATEA TUIIINE&A. 
.... DATe JIOTES ON TEITS AND EqulPUENt 
mA"D~ NCO CooK{e) 1917 2 0' •• VENTURI."" QLA8& WALLa 
TEaT 8P1:CIIICH ltil C€MTER. 
fO"lNGER & 191 .... ,925 2 0'" lATER qrkkb~ .,'H TEaT 
SPANMWCI:{ 9 ) BLADE OCTIEEN GLAM WALLI. 
Ae1CEAU(I) 1926-1930 2 DIU. VENTURI w,TH GLA18 WALLS 
AND PAl:88UAE TA .... 
01: HAI..U .. { 16) 1933 2 DIM. VENTURI .'TH PlllO -
n.ECTAIC PAf!NuRE PICIC-uP. 
ScHaoTE .. (13}(1.)(15) 1934 2 DIU. VENTUR' .'T" 8P[C'AL 
IUPINO£U£NT SURFACE. 
_ ... tea 
5TWI[0 M£Q'tANI" OF DE.TRUC1'tOli. 
COlLAPIf: IMPACT SLMl£O. 
Sloto_o DAIIAGE OCcuatl(D IN COUAPM 
AREA. ATTACK OW' GLAQ 8HO_O _etot-
_'CAL ActlOk to • .PRlliARV. 
$t4oIED .'111. PR£MUA£ EQUAL. vAPOR 
PR£M. IlEMUAED PR£a&IJA£ o.afR.SUlIO" 
AtID 8HO_D A-.oG'¥ WtfM attOCK PONTS 
IN LAVA&. NC)ZIL£. 
llEa8UR£O Pl:M PR£86URE8 0,. OM. Y 
3000 Pel. 
STUD'£O _CMMt, .. Of' aTTACK AHO 
RESI.TANCE OF MATER.ALS. 
HUNaAt<ER( 17 )18) 1935 2 OIU. VENTURI WITH VARIED PROFILE. SHowED EFFECT or AtR DIFFUSION 
FLASH PHOT08. AT 3000/u:C. IN LONG THROATED VENTURI. FoUND 
o 
MAX. OAUAQ[ IN 21 o~rrrUlAK 
fOUND PERIODICITY IN MAaa CAVITATION. 
....... 
~ 
~ 
'AfiLE t. ( CoNT • NUED ) 
N.uIE 
IHYE8TlGATI0Na EMPLOYING VENTURII OR 'ATEA TUNHELa. 
DATE 
. -
V Af!t tTEII8OII( 28) 1936 
VATEAt11 ) 1937 
1I0" .. 0N( 12) 1937 
Bon-.n( 36) 1948 
RowE (37) 1948 
.,.... AND HoLLANOEW 1948 
(19) 
tton:& OH TESTa ANO EQulPUE:Nf 
CIRCULAR _NTURI WITH aHAPR 
APPROACM 
2 DIU. VENTURI 
2 DIM. VENTURI LIKE SCHAOTE.·.. • 
-...... 
DesERVED CAVITATION AT H'QH CALC. 
PAE88UA£. AND eoNeUD£O THAT 8 .. 8&.£& 
CONYAlleD AIR. OOUSTf1JL VALIDITY. 
II I CACMIC9P I C ANAl. vall OF IlET At.ll C 
OMIAOC. 
MICROSCOPIC ANAlV818 OF METALLIC 
I)AUAGE. 
Z D.M. VENTURI WITH eHAAP APPROACH CORAOIlOAATED OI\KRVATIo. 01' VAN 
PRE .. UA£ TAP& OM CEHT1:R L INC. 
IlECTMIOULAR .AfEA TUIIIN£L .,," 
CYL I NOR I CAL UODEL. 
WATER q~l •• TH CYLINDRICAL 
WOAICU.C SEeTiOR. CYt... UOOE:L8. 
FLAIM PHOT08 or CAYITATION AT 
.)0.000 r .. aI_c. 
ITEUON. DoUST"". VALIDtTy. 
08aEAV£D mA[aau~ OllTAlauTIONI 
ON uoon.8 Of" DI,.n:AENT SHAP£8 ,.OR 
_.AM. INTI:Natlll:1 C,. CAVIfATlOJf. 
Os.CAYEO PREaautt£ OIlTRI8UTI<*8 ~fD" 
VARVING IHTENeITltl or CAsfqAqD~ 
Ir:CCJIDED IHOI V I DUAt. BU88L[ COL ....... 
AND A£IJOUNO. 
I 
"-
"..j 
"..j 
TAULa: 2. INVI:STtGATtONG EJlPi.OV.,,\J ht.PAcr Jtilt .... OR fA68i:A&CHLAO TEaTERa. 
NAME VAn 
Ho":QQ£R (20) 1927 
CiOOl( (41) 192"3 
-GAItOt£R. o. (40) 1932 
O£ HAl.U:R{ 16) 1933 
SooI:Mi:AC{ 23) 1935 
SCHWART Z AND 1931 
MAHTn(22) 
Nuln. Otl Tu.u ANO EQIJI......:NT RE .. ~ 
rD~q APPi..ICATlOlit. PASKO ePEe,... OI8COytRY OF' RAPID U£THOO or 
qe~lrde W .. TCR alArM!. 
SPECI.,. PAaa£O T ... "t.' .>H 1118T Of' 
rlNt: DROPLETS. 
OnIEAvtO EROSION IN IlULI TUM. 
RECOAOEO PRE_ON: 'IIPACT AND 
CORRELATED .,TH £ROIIOM BY PIEZO 
ELECTIC PRESSURE mfCh~K 
TEST! NO COWi'ARAT I w:: tAOS. ON 
CaiMAN« Of' MAfeRIALa. 
OAM... PftOOIJ«O WMOV aAl"£ NATVfII[ 
... CAytl", lONe SP[CUl.AU:D THAT 
NCfION ... DUE TO LOCAL CAvaTATION. 
SllECULATEO THAr OAUAI£ • .a ~ TC 
PRE ... AND aTREeS CONe. aN Fue 
crtACICa AJIID Ftaa\Hl£S. 
Al:cOAOl[O 4500,.., CAUIIING DMIA_, 
_ Lasa THAN c.&.CUt..ATEO. 
P"UED HAAO[tCO OR COAtED IP'I:c·... fOUND VERY HARD SVAF'ACElI. EIPf:IALLY 
THROUGH Ul£R BlAE,.... STtLLIT' '0 HAW OM .. T _,.au"". 
PASS€O ePEc. THRO'JGH 8TM •• RATED LUG( NUU8£A 01' _lA .... a ON 
EAOSION Ar6Ia'ANCa. £aTt.Al[O 
tIP££D ,.. ~ .... OF O'-.(a. 
"-
"J 
Ct 
I 
fABLE 3. INVEaTIQATIONI EMPLOYING V'.RATING SP[CIMEN q[Kq£~ 
NMIE . 
IA ••• (25) 
~a{1UF 
5CHUU8. PETE_. 
it IItUIUH(24) 
_ .. (31) 
R.aM"II.(a) 
POULl£1l(30 ) 
8E£QUNQ 
ICOMFELO .. 
&u'I.-ov(Z7 ) 
8A a_, 1IMoIt. 
AND JoI_oa.(33) 
OAn: 
1932 
19)5 
1937 
1937 
194L 
19,q 
1942 
1944 
1947 
NoTE. ON f£8T. AND [QUI,.." 
"1Ct<D. TUBE II'IIKRTED THRU 
aonOil or VEMEL CONTA"II" ""TI:. 
SIMILAR TO a.. ..... 
SIMILAR TO AAlNEa. 
HoLD 8P&CUIIN F'ACI; ..,.. 1/4 ... 
.... OW L 'qUID .,..,. ... 
II\.ACEo aNC ••• " eon_ auAFACE 
"~sb""" 
V._TEO SPEC •• _ ~KKIKCtiM 
TO AND NMU.E1. TO 8URFACI; CON-
TACY ... LlQU.D. 
S.MlLAR TO QatMEa 
S.MILAR TO OAI •• 
Coveq~ OSCILLATOR 
..... 
Dt:VELOPEO nut HIGH .lMPLITUOE 
IlAGM:TGeTa.CT.OIt 08CtLUTOa. 
CNEQeD •• MILAR.TY .. .,.... 
.ITH CAY.'AT ....... . 
~t_ TEa,.. OF caoat ON 
.,.,.... 
RaTEO 80 _TAU 0lIl £A081011 
KKIK~ IN'-' MO .A "TI:" 
P\4oTOGMPMn ........ tTOIW DUA .... 
CYCLE '" MOTta.. Cae. "' .. UAl:a. 
or 5000 Nt. 
~qf:l PEN£TIlAT t C)IIoo£XPANe I 0If 
~K PRooucco PROteCT'. COAT 1"-
eY ~fCvAAqDlk PIIOCE88 •• tII GILL 
.. TEO ............ I. PROPaJ.£" 1ICMltC 
ON ALAT.VE .a .• A,.. 
PMoTOGRAI'tED -..£ M .. ITOIItE. AIID 
STUDIED CONP"GURArtONI AND eMAPa. 
£aT,IIATEO fE.'''''' HQUIIIED TO 
C~ CAVITATION •• fM __ .VEa 
" '.J 
I..C 
\ 
d no f(./F,o) FIno f (i-IF ) 
-
• 2. 
0.000 0.7468 0.600 0.6292 
o. ()J.O 0.7467 0.640 0.6067 
o.oeo O.7 IL e1 0.680 0.5813 
0.120 0.7448 0.720 0.5524 
0.160 0.7427 0.760 0.5194 
0.200 0.7400 0.800 0.4813 
O.2JjO 0.7355 0.840 0. 1#370 
0.2no 0.7302 0.860 0.4116 
0 .. 320 0.7235 O.GBo 0.3840 
0.360 0.7154- o. ~Fll 0.3529 
0.400 0.1058 0.920 0.3178 
0.440 0.6944 0.940 0.2772 
0.480 0.6813 0.960 0.2279 
0.520 0.6662 0.980 0.1622 
0.560 0.6489 1.000 0.0000 
~bblA Collapse Data 
0.544 Atm.P 
I d'. 11 
(0) 
u 0.1789 
A 0.9998 
X 0.0600 
Z 0.0000. 
(0, It) 
u 0.1113 
A 1.0213 
X O.097S 
z 0.0201 
(0, 9) 
u 0.067) 
A 1.024, 
X 0.1257 
z 0.0505 
(0, 1') 
u 0.0'75, 
-
A 1.0241 
X 0.1649 
Z 0.0908 
.. 11 ... • 
(0, 1) .. 
U 0.1600 
A 1.0019 
X O.OMI 
Z 0.0050 
(0, 5) 
u 0.1060 
A 1.022' 
X 0.1020, 
Z 0.0252 
(0, 10) 
u 0.0510 
A 1.02,0 
X 0.13" 
, '0.605 
(0, 15) 
U 0.0289 
A 1.0128 
x O.lS.' 
Z 0.1108 
.. • I. ,. II S II It • t 
(0, 2) (0, ') 
u 0.1440 u O .. U" .. 
A 1.01.1 A 1.0le, 
X 0.0885 X 0.09*8 
z 0.0101 . Z 0.0151 
(0, 6) (0. 8) 
U 0.0960 u 0.0800 
A 1.0224 ..... 1 .. 02'7 
X 0.1061 X 0.1161 
'Z 0.0302 t. lK~ 
(0. 11) (0. 12) 
u lK~ u· oK~ 
•• 1.014, At 1.02J9 
X 0.1452 X 0.1550 
a 0.101 ',Z O.06OT 
Bubble Collapse Qlta 
p 0.544 Atm. }l 
,.. r, lilt ... i J h 
-(1) 
U 0.1414 
,A 1.0125 
X 0.0900· 
Z 0.0000 
(1, 5), 
u 0.0961 
A 1.0221 
x O.l.O8O 
-z 0.0199 
(I) 
u 0.1146 
A 1.0185 
X 0.1000 
Z 0.0000 
(2. 6) 
U o.oeco 
A 1.022, 
X 0.1184 
z 0.0198 
(1, 2) 
U -O.lJOS" 
A 1.0158 
X oKl~ 
• 0.0049 
(1, 6) 
U 0.0817 
A 1.0219 
x 0.1121 
z 0.0249 
(2, ') 
tJ 0.1050 , 
A 1.0202 
X 0.1045 
Z O.00l9 
(2, 8) 
U 0.0680 
A 1."" 
.-
x '0.1118 
z 0.0298 
-/72-
0.027 Atm. Z 0 a\ <60.080 
li ... 1 » • pi •• • I'. ........... 
(1. 3) (1, 4) 
i 
u o.u60- u 0.1056 
A. 1.0185 A 1K~ 
X 0.0988 X 0.1034 
z lK~- , '0_0149 
(2, 4.) (2, "5) --
u 0.0952 u 0.0875 
, , 
A -- 1.0111 A 1.0221 
x -0.1090 X -0.113' 
,. 0.0099 z 0.0148 
(2. 10) (2. U) 
{1 O.CMf8 -g lK~" 
" . 1Kl:r~ _ 4 1.0210 
... I~ 
·x 0.1411 X 0.15fi8 
Z oK~U z 0.0598 _ 
P '_ 0.544 Atm. P 
d I 1 t I _ III 11 IV • 
(4, 1') 
U 0.(1)05 
A 1.0201 
X 0.1815 
z O.$fI95 
(5) 
U Q .. 06'78 
Al~oaOD 
X 0.1,00 
Z 0.0000 
(6l 
U G.0584-
A 1.0219 
"0.1400 
z. 0.0000 
(6, 10) 
u 0.03S5 
1\ 1.0201 
X 0.1($88 
z 0.0a96 
" 
(.0\., 15) 
U 0.0'242 
A 1.0185 
X 0.2072 
& 0.0694 
(5. 6) 
U 0.0628 
A 1.0222 
X 0.1348 
Z O.00it9 
(6. T) 
U' 0.0545 
A 1.0211 
X 0.1448 
Z lK~9 
(6. 11) 
u 0.0)40 
A 1.0195 
X 0.1185 
z 0.0395 
Qtld I ,.,. ., 51 . 
'VI r 111* 
-.1 
- (5, 1) (5. 8) 
U 0.0585 U 0.0545' 
.. 1.0219 A 1.0218 
X 0.1'" X 0.1441 
z ,0.'0098 Z ,- 0.01.7 
/ (f. 8) , (6,. 9) 
: 
U lK~ U oK~ 
, , 
A 1.0213 .. 1.0213 
X 0.1496 X 0.1591 
Z -0.0098 z 0.0191 
-184-
Bub~lK Collap.. Da\a 
p oK~ Atm. P 
r .... H , . 1 I 
flO) 
U 0.0286 
A 1.0178 
X 0.2000 
Z 0.0000 
(10, 15) 
U . 0.0119)' 
A 1.010 
X 0.2490 
z .0.04" i 
(11) .. 
U 0.02,.., 
A 1.0165 
X. 0.2200 
z 0.0000 
(12 ) 
U 0.0199 
A 1.015) 
X 0.2400 
z 0.0000 
... " , 
(10, 11) 
U 0.0251 
A 1.0112 
X 0.2091 
z. 0.009$ 
(11, 12) 
U 0.0215 
A 1,0160 
X 0,,2298. 
z 0.0098 
(12, 13) , 
U '0.0182 
A 1.01.\8 
X 0.2498 
z 0.0098 
o.o:rr Atm. • Z 0 at. ~ 0.080 
• • F. L 111 • .7 r 
(10, 12) (10, ,1') 
-u' 0.0233, U . 0.0212 
A 1.0169 A 1.0158 
X 0,2195 X 0._" 
Z O.Ol96Z 0.0295 
IU, 1') (11,14) '. 
U 0.0195 U 0.0118 
A )..0154 A 1.014, 
X 0.&'96· X 0.2494 
Z 0.0191 & 0.0295 
(12, 14) (12. 15) 
tI . 0.0165 U 0.0151 
A 1.0145 A 1.0141 
X 0.2591 X 0.2694 
It 0.0197 z 0.0295 
. " , 
-185"-
Bubble Collapae Data 
0.544 Atm. P 
b • 
(,) 
U 0.0941 
Ao 1-.0211 
X 0.1100 
z 0.0000 
(', 7) 
U 0.067T 
A 1.0229 
X 0.1281 
Z 0.01" 
(4) 
u 0,0795 
A 1.ona 
X 0.1200 
~ 0 .. 0000 
(4, 8) 
U 0.0583 
A 1.0225 
X 0.1,88 
z 0.0191 
, _ "I •• " •• I d 
(" 4) 
U "" 0.0866 
A 1.0220 
X 0.1146 
Z O.00Il9 
'(4. 5) 
u 0.0134 
A 1.0226 
X 0.1147 
Z O.oot.9 
" (4. 9) 
u 0.0502 _ 
• 1KMf1~ 
X lKlK~ 
z 0.0196 
• b " 
u_ 
TI fE,. 
c.,. 5) ('. d) 
'.\ 
U 0.0191 u l~" :,' ; >,)' 
"(,\' 
A 1.0226 A 1.02,0 "' 
X 0.1192 X 0.1239 
z 0.0098 Z. 0.0148 
(-4, 6) (4. f) 
u O.0d18 u 0.0'28 
A 1.0223 " 4 1.0&16 
X O.121M X 0.1)40 
z O.oog8 'Z a.om 
(4, 10) " (4. U) 
u 0.""36 U 0.0382 
A 1."" A 1.01" 
X 0·"1588 X 0.1618 
z o.oBl ' z 0."_' 
" , .: 
-/US~ 
Bubble ~ollamiK a\a 
p 
- 0.011 At... z -" ~Dn 0.080 
)1 zl'lll'" '4 aSb 
(1) 
tl 0.0509 
A 1.02U 
X O.l!iOO 
z 0.0000 
(6) 
U O .. 0if.48 
A 1.0111 
X 0.1600-
Z 0.0000' 
(8, 13) 
V 0.0251 
A 1.0181 
X 0.2Q81 
z lKM4~ 
, (9) 
U 0.0,54 
A 1.()192 
X 0 .. 1800 
. . 
Z 0.0000 
(1. B) 
u 0.0415 
A 1.0210 
X 0.1548 
z- 0.0049 
(8, 9) 
U 0.0)94-
A - 1.0199 
X 0.16M 
, 0 .. 0098 
(8, 15) 
U 0.010' 
A 1.01" 
X 0.2283 
Z 0.0692 
(9, 10) 
u 0.0'15-
-A 1.0183 
X 0.1891 
Z 0.0091' 
• 10' PI 
,(6, 10) (8. 11) 
U 0.0)41 U 0.0308 , , 
A 1.,0186 ,A. 1.0183 
X o.or" X 0.1890 
z 0.0196 z 0.0295 
(9. U) (9. 12) 
u 0.0280 u 0.0258 -
A 1.01" 1\ 1.016,. 
X 0.1994 X 0.2092 
z 0.01_ Z 0.0295 
-
.J;. 
---
,", "' 
-/87-
Bllll.1e CoUaP •• lata 
P 0.544 A'm. P '·0.021 Ate. -1·0.' Q 0.080 
I I 1.1 
(13) 
U 0.01.,0 
A 1.0142 
X 0 •• 00 
z 0.00fJ0 
(14) 
V O.OllWS 
A. 1.CQ3J 
X 0.2800 
& 0.0000 
(15) 
'U O.Ollf 
A 1.0ll5 
. X 0.'000 
& o.oaoo 
(lS) 
U 0.0112 
.It 1.0US 
X 0.3200 
Z 0.0000 
", . 
(13. 1") 
u 0.0"' 
A 1.013, 
X O.ad,. 
Z 8.0098 
I", 15) 
u O.0U4 
• I.OU. 
X 0.2", 
'·0.0091 
(15. 16) . 
U o.ou.. 
A1.01JI 
X 0.3099 
Z 0.009t 
• I II· II a . I . ,t 9 I iii 
(13, 15) 
V 0.0", 
A 1.0lJI 
X O.2'IOF . 
, O.OUT 
(14, lAS)· 
u f). our 
A 1.Q1M· 
X o.am 
Z 0.01" 
Bubble Oollap.. Data 
p 0.544 Atm. P 
(A. 1) 
u 0.1848 
A 0.9999 
It O.01ea 
z 0.0101 
(A, 5) 
U 0.1190 
A 1.0201 
X 0.0959 
Z 0.0305 
(9, 2) 
u 0.1910 
A 0.9999 
(At 2) 
u lK~ll 
A 1.0018 
x 0.0825 
z 0.0152 
(B. " 
tJ 0.1696 
A 1.0011 
• o.o:n At •• I ., a' Q ' 0.080 
(a, ') (A,4) , . 
tJ 0.1471 u O.UIS, 
A 1.0133 A 1'.0181 
X 0.0868 X O .. 09lA 
Z O.or.lo.J , 0.0854 
\ ' 
(B, 4) (.,6) 
u 0.15l1 u 0.1IlO' 
A 1.014, .. 1.oeOO 
X 0.0163 X 0.0806 ) X 0.0851 X 0.*_ 
Z O.02ot. Z 0.025' , 0.0308 Z o.MlI 
" 
(D, T) (D, 8) (Bt 9) (8, 10) 
U 0.1095 u 0.0981 U o.OID' , u l~MSUM 
A. 1.02'1 A 1.0240 A- 1.'" • 1.0144 
X 0.0989 X lKl~q X 0.11» X 0.12,0 
z lK~p4 z 0.0514 Z 0.0618 z 0.07.1 
, ' 
DQbb1e OoUap.. tIlta 
IlLlI"II •• 1 P'M". PI" dl, 
(n, UJ 
u 0.0580 
A ,1.0i50 
x· O.Ut7 
a 0.0822 
(0. 3) 
U 0.1_ 
It. 0.9999" 
x 0.01'-
& O.O)Ot 
« 
(e, '8) 
U 0.1100 
.. 1.02'2 
X O.OfT1 
& O.osT4 
(n. 4) 
u 0 ... 06, 
A 0.9999 
X 0.0120 
I 0 .. 0418 
<:a. 12) 
u o.cMM 
A . 1,0245 
X 0.1425 
, 0.092' 
(e, 5) 
u 0.1550 
A 1.0141 
X' ·O.Q8Jl 
I ••• 1' 
co. 8 1/1,) , 
v 0."" 
A 1.0161 
X 0.101. 
z lK~fq 
(Ilt 5) 
u 0.1803 
A 1.(08) 
X o.07tJ 
Z 0.04." 
. .&. , IT' '* I • 
(D, 1') 
U 0.(4)4 
A 1.0854 
x O.lSM 
~ 0.1015 
E~K 4) 
u o.ura 
,. 1.0180 
x 0.081', 
, oK~I 
(e, t) 
u 0.0901 
A 1.02" 
x o.J.06f· 
& o.QG1T 
(Il, ') 
u o.i_ 
A 1 .. 0M5 
x 0.0809 
z' a.opf 
"II' I r 
- Cot- ') 
'. ~;KD 
. -
" ~ 
: J, 
, " . 
<}~K :'\." I,' . 
,.:' ". KKD~ 
..... ", 
',,;' . / .. 
" 
.c" ') 
" 04411 
'j, 1 ... 
x 0.0151 
, 0,0510 
,. " 
. I~D" . 
," " 
~bble Col1apae aC~a 
0.544 Atm. P 
• dt l d laW"!. • I'''' r - I 
(n. 8) 
U 0.12" 
A 1.025' 
x lKl~ 
Z 0.0634 
(D. 10) 
u 0.0820 
A 1.0292 
X 0.1091 
Z 0,0841 
(n. 14) 
U lK~Dl ' 
A 1.0311 
x 0.1491 
z 0.1250 
(I, 5) 
u O.2U4 
A 0.9999 
x 0.0691 
z 0.0529 
(n. a-va) 
~ U 0.1120 
A 1.0295 
x 0.0952 
Z 0.068T 
(.n, 11) 
U lK~U? 
a 1.0)09 
x 0.119'\ 
Z, 0.0944 
. (0, 15) 
u 0.0,68 
A 1.0276 
~ 0.1589 
z 0.1'50 
(E, 6) 
U O,l8CSl 
A 1.0103 
x 0.01"2 
J 0 .. 0584 
.-/90-
0.021 AM. ,. 0 at. Q 0.080. 
1 I .. 1.' P F' ILl • 
(D. 9) 
u 0.1004 
A 1.0295 
x 0.0998 
Z 0.01)8 
(n. la) 
U· 0.0518 
A 1.0307 
x 0.12. 
, 0.1041 
(I,. T) 
U 0.16_ 
A 1.0a0a ' 
X 0.0'7'" 
z o 0d40 • • 
(1\ 9-1/2) 
U .0.0908 
A 1.0,.· 
X lKl~ 
Z 0.0190 
(1\ 13) 
U 0.0496 . 
A 1.o,11 
X 0.1'90 
z l~114U 
.. 
(It 8)' 
U 0.144, 
A 1.0118 
x 0.08)4' 
,Z 0..,.. 
" 
.". 
• lI_ T V I •. I ? 1 "J 7""" , S , 
('I, 8+1/2) (K, 9) 'I. 9-1/1) ( .. 10), 
u 0.1290 u 0.1148 U 0.1* \} 0.0918 
A 1.oa?O A 1.0273 A 1.0288 ,A 1.0a85 
X O.088a X 0.0928 X 0.",8 X 0.1_ 
• 
Z O.ct14' Z 0.0199 z O.08J2 ' z 0.090' 
(Ft 'f) (F. 1) Cf. 8) (".· .. 111) 
U 0.22" U 0.-1931 u 0.1,,1 U c>.149a 
A 0.9999 A 1.009T A 1.0190 4 1.0278 
X 0.0612 X 0.0116 X 0,076) X 0.0810 
I 
z 0.064, z 0.0698 z lK~ , O.oeot 
(F. 9) '(r. 9--1/2) . (F, ·10) (r, '10.Va) 
u 0.1'11$ U 0.1115 U 0.1050 tJ o.C)9i1\8 , 
A 1.0088 A 1.0301 A 1.0'01 .... '1 .• ~I 
X 0.0857 X -0.0906 X ,.QP" X 0.100' 
z· ·O.o&n z 0.0915 ,'0."" &. 0.1019· . . 
(",U) (F, 12) (1', ~F Cr. "' 
u 9.0850 t1 O.()100 u 0.0590· 'u O.*" 
A 1.0,.3, A 1.0;545 A I.OJ" 'A 1.0)11 
X 0.1051 X 0.1151 ,x 0.1150 x 0."50 
z 0.1012 z. 0.1115 • O.1I7f, t ' ' It 0.1)80 
, . 
" 
-192 -
Bubble Collapso Data 
p 
... 
.. (tl, 7) 
U 0.2'25 
A . 0.9999 
X 0.0645 
Z o.arrJr 
(G. 9-1/2) 
u 0.1,,0 
A 1.0329 
x 0.08" 
z 0.0978 
(fl. 8) 
u 0.2410 
A 0.9999. 
x tl.061? 
z 0.0875 
(H, 10) 
u 0.1,80 
A " l.O4Ol. 
x 0.084:0 
z 0.1098 
, , 
(0. 8) 
U 0.2005 
A 1.01sa 
it 0.0691 
Zr 0.0814 
(G. 10) 
u 0.1186 
J. 0.1369 
x 0.0882 
Z 0.1",1 
(n, 8-1/2) 
u 0.2120 
A. 1.0183 
x 0.0662 
z 0.09:'2 
(N. 10-2/1) 
u 0.1224 
.. 1.0452 
X 0.0852 
, 0.1151 
• £ t'W w r LIt" 'lJ ., 
(G. a-l/2) 
U 0.1750 
A 1.0278 
X o.one. 
t· 0.0870 
(a, 10-1/2) 
u 0.1082 
Ii. 1K~1 
x 0.(9)0 
Z 0.1083 
(a. 9) 
U 0.1830 . 
A 1.0290 
x O.aTur 
Z 0.0961 
(u.. 11) 
a 0.1080 
A 1.0It6, 
X O.09Oa 
, 0.1205 . 
, 
.' . 
X oK~K 
Z O.fJ9tJ 
(G. 11). 
.. 
U· 0.0948. ' ',. .; ,', 
." 
A '1.04.00 
x 10.0980 
z 0.1136 
(R,9-V2) 
u 0,.1561 
A 1.0'19 
x 0.015' 
Z lKl~· 
. CRt u·lIa) 
u o.096a 
A 1.CAlI 
X 0.095t 
& 0.125, ' 
-193-
~ I" ,0, ......... ,. I ., •• '''', . It· J' KI~ iLl ul·. 
(a. It) (H, 1') 
IS 0.088 u 0.0110 
A 1.MTI A 1.0\15 
X O.lOOO X 0.1100 
a 0.,.,09 , lK14~· 
(if, &-1/2)' (.1, 9) . 
u. 0.a65O U 0.1140 
Itt 0.9999 A 1.0160 
x 0.'" x 0 .. 0631 
z 
.. "". % 0.1050 
(I. 1 .. 1/1) (.7 .. 11) 
,0 0.1448 u 0.1260 
, :'.MfO A 1.0480 
x o.or.n x 0.0823 
Z 0.1218 z 0 .. 1211. 
(x. 9) ex. .-lIal 
u O.a8JT V 0 • .". 
A 0._. A 1.0100 
x o.ona ·X 0.0598 
J, O.J.llt z '0.1111 
'CHt 14) 
U 0.0588' 
A 1K~ -
X 0.1a01 
I 0.151' 
(I. ~1/1F 
tJ· 0.1_ 
A .1 • .",. 
X' l~MfpqU . 
., o.Utl . 
. ". 11·1/2) , 
V 0.1..", 
A 1.0100 
x O.081J 
, 0.1321 
(X. lO) 
u 0,2008. 
4 1 .. ~ 
x. ..... 
a . J.lIJO 
. KK~K~ ~D:DK ~ ." ~ :!.-, . f~ • ~I ' 
,',' ';': ,.,' "" I :: ~"DK 
• .... .' ii, ' . k' I~I . 
" . 
fl. tot; ' .... . 
U 0. ... '.' 
. ", 
A K1KK~ .. :: ... , 
. x 0.0715' 
, O.UA '; ... 
" .' ~ 
('. U) . ':,.'; It, 
.. 
u 0 •• " 
A 1..0JIf 
x 0.0911 
I o.Q,a 
'It lo-l/IJ,. 
u •• IUI .:: . 
It.' 1.051" 
x· ........ 1 
.. ,", . ,.' . 
'z·· A ...... ';·· .. ~ ... ; ... 
. " .. ' ' .. :.. .. 
. '" 
,I " 
. , t " 
.. ' . 
-/94-
Bubbl. OOllap.. Data 
p 0.544 Atm. 1* 0.021 Atm. Z., ., q l~lUlD 
r t. , r 
(K, 11) : 
U O.llt5' 
A 1Kl~l 
X 0.0742 
Z 0.}340 
(x. 13) 
u 0.0875 
A 1.0670 
x 0.0942 
z 0.1-550 
(L, 9-1/2) 
V 0.3059 
A 0.9999 
X 0.0515 
z O.12Yr 
U., 11-1/2) 
u 0.1518 
It. 1.0692 
X O.C1101 
z 0.1461 
'P , L tJ ... ." 
.' '. . '. tn .. 
(It, 11-1/2)' (I, 12) , 'ue_ JI.va, 
U 0.1268 U 0.1122 ,U O.OItO' 
A 1.0612 A 1.0645 A·1.OcS5t " 
X 0.0192 - X 0.0841 _ X 0_0891, 
, 0.1'96 Z O.lA48 ,I DoK~" 
(X_ 1,.) 
u 0.(10) 
A 1.0685 
X 0.1044 
z 0.165' 
(L. 10) (1.,10.-1/1 ) (L, 11) 
u o.a5llo u 0.210' ' U 0.1115 , 
A 1.0'23 A 1.0508 A 1.0618 
X 0.0560 X O.06C1t X 0.0655 
z 0.1291 z 0.1355 z l~141O 
(t. 12) , (L. 12·1/1) <x..-13) 
U 0.1320 U 0.1146 U 0.1000 
A 1.0157 .A 1.0'763 A 1.cim 
X 0.0155 X 0.0805 . X 0.0857 
z 0.1520 , 0.1512 Z 0.1411 
-/9S-
p 
... In • 1 .J 
U 0.0889 
A 1.0195 
X 0.0906 
'Z 0.1674 
U 0.13)5 
A 1.06TT 
X 0.(6)6 
z 0.1416 
(14, .10) 
U' 0.3"1. 
A 0.t999 
X 0.0'1' 
Z' O.UA 
(M. 11-1/1) 
U 0.187' 
A 1.0805 
x 0.0616 
z 0.1539 
UO.0188 
It. 1.0'118 
X 0.0959 
& 0.1126 
U 0.1690 
, 
4 1.0'7a6 
. X O.OGO.· 
; O.lSO' 
eM, 10-1/2) 
U 0.1130 
A 1.0430 
x 0.0519 
Z 0.14a. 
(-. U·,/4)-
u O.lTaO 
a 1.0fSI 
X 0.*, 
Z O.l5C$T 
, m I ~wryvr .1 . j 
ca. u) 
o o.aa40-
• 1K~RU 
x 0.0,61 
, 
(We 11) 
U 0.1595 
A 1 oeM< ., . 
.J( 0.0645, 
Z 0.1," 
~ ",\ ,.,,, -" 
( .. U";4) . 
u .... ,
A 1." •. 
x .. .,. 
(II. u.J/2J 
0 .. Uta 
At 1.Q91J 
.. 
J( 0.0T16 . 
Z oK~ 
-/9~-
f;ttrbbl~ Collapse llilta. 
p 0.027 A\ID. Z 0 "t, Q 0.080. 
• jI MI' •• 1Im.1 r V la/iltlP, J 
ErK~t 1') 
u O.U55 
A 1 .. 09(30 
X O.Cf761 
Z 0.1100 
• 
(fl. 1,-\12) 
U 0.1005 
A 1.0990 
X 0.0619 
z. 0.1152 
(M V2. lo-II/~F (M 1/2, 11) 
u 0.2886 
A 1.0417 
X 0.0598 
z 0.1486 
tJ 0.1950 
& 1.0828 
X 0.1595 
Z 0.1602 
(N. 10.1/i) 
u 0.'"5 
A 0.9999 
X lK-~Dl 
z 0.1481 
, . 
u 0.2595 
I 
A Ow 0551 
X 0.0522 
z 0.1517 
U 0.1802 
A 1.0913 
. x. 0.0619 
Z 0.1629 
(N, 10-,/4) 
u 0 .. "5' 
A ~KlDRR 
-X 0.C*.52 
, l~1ROM 
... • dl' 
. (fli, 14) 
U 0.061a 
A 1.0918 
X 0.0810 
Z 0.180:5 
u o.a,,, 
A 1.tY703 
X O.05ltf 
z 0.1'" 
(W. 11) 
u a.'$J8T 
" 
1+05" 
X O.041CS 
z 0.1551 
' ... t ,."PI_ ... 
~"" '. 
, I~DK . . , 
.. 
1I O.21 .. ··~·· .. 
• ,..ore 
X o.om.. 
& 0.1515 
(R,.11 ".\) 
u 0 .... 
A 1.oece . 
X lK~" . 
Z 0.1581,· 
. '. 
0.544 A' •• II oK~ A\ •• 0._ 
.., ILL , .Tt 'j I . 11 n , I 
(I. u-l/t) 
U 0."10 
A 1.091'· 
X O.Q5M 
Z 0.1610 
EkI1O~l/fF 
u 0.16\4 
It, 1.UAS· 
X 0"-" 
, 0.1110 
eet 10-,/4) 
I 
u 0.4a72 
A 0.9999 
X ·lK~MR 
I 0.1554 
(0, 11·,/4) 
U 0.8528 
A 1.1018 
X ·0.04" 
z O.U7T 
(t •• u·,/4) 
U 0.21ec 
A 1.0t88 
X 0.05'8 
Z 0.163, 
(tt, 13) 
u ~Kr1p 
A 1.U90 
X 0.0615 
Z 0.2.,.,. 
(0. U) 
V 0.,," 
A ·1.04-. 
X o.*, 
z O.158Y 
CO. 1.2) 
U 0.aa90 
A I.UU 
X' 0.0511 
z 0.110' 
1'1. •• ,. t d~ '1 g~ .• r·, I .. 'II ... 
CI. 11) 
U 0.1_ 
.. 1.1ot1 
X O.0ST;2, 
Z 0.1661 
(1'. 13-1/2) 
u O.l1S8 
A 1.1105 
X O.crrtT 
z 0.1" 
Co, ll-V4) 
u O,.'dS ' 
X ·1.0701 
X lK~9 
z 0.1'11 
(0. 12-1/4) 
u 0 • .., 
.. 1.111'2 
X 0." 
z 0.1". 
, ('. 1I-U4) 
DdK~K 
x 0.0191 ," 
. Z O.d9J' 
(If, 14) .. 
u· 0.099S. 
.. 
A 1.U80c. 
. ."'" X o.mt ' ·0, 
S o.l",r .: 
• ,".' I 
. , . . 
. ,. 
(0. u-v.l.:::: . 
u ....,. .... :~KI 
~ .,. 1.1..,_ " 
X ..." 
, ...... 
. (0" 12-1/1) 
u o.lM8 . 
A 1.1.80, 
X o.O!nt 
& 0.1,. ,'. 
. o· 
-/98-
p 0 .... Aft.. p o.arr At.. I 0.'" 0.080 
• _ "",., 4J .1 F ,., F 
(P. 11)' 
U 0.4411 
A 0.9991 
X 0.0314 
Z o.lM,I' 
(P, U) 
u O.mO 
A 1.13U 
X 0.0\4, 
z O.IT'" 
(P. U) 
U . 0.1105 
A. 1.1560 
X lK~I 
z 0.1851 
(Q. 
E~ 11-1/"') 
u 0.495' 
,. 0.9999 
X 0.34', 
z 0.1690 
('. 11-".) 
U 0.3918 
A l.O503 . 
X 0.0)91 
Z 0.1655" 
,(11, 1f-sK~ 
, 
u 0 .... · 
, . 
A. 1.1AII·· 
X O.M90 
,. o.l'm 
(P, 13-1/2). 
u ,.v.oe 
A 1.l4OI 
X 0.0lIl· 
Z 0.1_ 
t~ 11-1/1) 
u 0.4288 . 
.... l.o'fU 
X 0.0)0 
z 0.1114 
I .,; • lIi '1'1 .... 11 I .," ,'11' 2 n 
(P, n-l/I). Em~ 11-,/4). 
U' '0.)4)8 U O.JG:It:,· 
A 1.0860 
X lK~1U 
, O.U86 
. (f, 11-1/1> 
U 0.2138 
A 1.l_ 
X O.05ld 
z O.l8Ol 
(p, lA, 
u 0.1141 
A 1.1510 
X O.Of5T' 
Z 0.1* 
(fit U-N.) 
U 0."" 
A- 1.11" 
X 0.0585 
z O.lT" 
A 1.1OfI·· 
X 0 .... 
Z 0.1111 
(', 11-3/.') 
U 0.1'10 
A 1.1565 
X lK~ 
, 0.1828 
(Itl til) .' 
0" 0.'260' 
A- 1.lD8 
I lK~ 
z O.IT.· 
, 
.. 
- /9-' -
p 0.544 At •• · p 
.... ' I .• l •• _~ I 
'*11 ... ' J • •• t , t 
(Q., 1I ... V4) (Q, 12-1/2) (Q, 11-"4) 
u 0.18:58 u 0 .. '" u 0.2111 
. 
A 1.1m .. l.l_ A 1.19\, 
X lK~DO X o.ot.85 X oK~ 
z 0.181) z o.1MI z 0.1869 
E~ U-1/2) I~ ") 
U 0.1510 0 10.l2OO 
A 1.2025 A 1.19ao 
X 0.0561 X O.06b 
Z o.lfItt & 0.1001 
(ft, 11 ... 1/2) (a. n·,/4) (r, 11) 
u 0.5674 U 0 • .\850 u 0.'141 
A 0.9999 A 1.0988 A ,.11l3 
X '0.0306 X o .. 0)a4 ~ O.O'J'-' 
Z 0.1161 , 0.1195 a 0.1826 
en. 12-1/2) CRt 12-,/4) (a. 1') '. 
u . a.am u 0.1550 u 0.1115 
.A 1.2350 s 1.2410 A 1.a490 
x 0.0)94 ·x oK~aa x Q.045O 
z 0.1863 I 0.1911 z O.PfAO 
', .. 
S if .. , ... i". u~ . 
' ••• ,;. f'" • 
CQe· U) .. : ,'.i " 
D.O'_.· .. 
A 1. ... 
1 ~KKK X."." 
, 0.1IM"'. 
'. 
, ~KD , 
, .. 
,',"' ~K~ . 
. . 
. 
. .', 
, ~D 
(a. »-V4)' , 
u .. ,,. 
4 La080· 
, 
. ~ .0."'" , 
, ....... :.'. 
(It u-lA) '. ' 
U' 0.1,... 
A 1.af" 
X' .... "1 ' 
,', •. "" 
~ • .1 • 
-200-
BUbble Collapse Data 
p 0.021 Atm. Z 0 at ~ 0.080 
• " .1& 
~ ( R. 1,-1/2 ) 
U 0.1660 
A 1.25'5 
X 0.0506 
, 0.1992 
(s, 11-3/4) 
u 0.6451 
A 0.9999 
x O.oa6a 
Z 0.1833 
(S, 12 .. 1/2) 
tJ 0.3765 
A 1.2910 
x lK~OR 
Z 0.1926 
(T. 11-1/8) 
U 0.7381 
A 0.9999 
x 0.0239 
z 0.1868 
OJ I I!I 
CR. 14) 
U 0.1265 
A 1.2460 
x 0.0563 
z 0.a044" 
(S. 12)" 
U 0.5530 
A \ 1.1920 
x . 0.021T 
, 0.1866 
E-~K 12-,/4) 
u 0.,090 
A 1.,260 
x 0.0354-
z 0.1955 
(T, 11) 
U 0.61"«) 
A 1 .. 1200 . 
X 0.0845 
Z 0.1884-
.. :dr. 
<s. 12-1/.) (a. u-JlS) 
u 0.4558 u oK~ 
A 1.2710 A ~Kgldl· 
X 0.0299 X 0.050 
z 0.189C1 I 0.1911 
(s, 13) (s, 1, .. 1/4) 
U 0.25'5 u 0-21" 
A 1.",o A . 1.,,85 
x 0.0383 x 0.0.412 
z· 0.198, Z 0.2010 
(T, 12 .. 1/8) (T. 12-1/4) 
U 0.'074 V 0.5460 
It. 1.a8SO . A 1.2820' 
x 0.0253 x ·oKoa~ 
z 0.1902 .Z 0.1916 
-dlO/-
o.orr A~K ,.z 0 at. '14 0.080 
liP. tall PH FJ. t II •• _, ... ,a. b vi .. -"1. 111 r. .. 
(T, 12 .. ,/S) (t. 12'-1/2) 
U O.41TO u 0.4'00 
A 1.)090 A l.,ro 
x' 0.0276 x 0.0289 
Z 0.1932 Z 0.1941 
(T. '1') (t •. 1,.-1/4) 
U 0.2105 u 0.2220 
A 1.4050 A 1.4110 
X O.a,48 X 0.0"9. 
z o.tOOlt z lK~l 
trI.12j (U, 12 ... 1/8) 
I 
u O.MIt., u 0.7550 
A 0.9999 ... 1.1.,,0 
X O.02U X ,0.0216 
Z. 0.1", z 0.1911 
(U. 12-1/a) )U. 1O-R/e~ 
u 0.509<) 'U 0."25 
A 1.4'10 A 1 •• 180 
X 0.0249 X 0.02" 
z, 0.1969 Z 0.1983 
CT, 11-51') 
U 0.,0" 
A 1.1855 
i\ 0.0'03 
z 0.1962 
(U 
• 
12-1/4) 
u 0.5120 
A 1.a92Q 
X 0.0224 
Z 0.1934 
(U, 12-'/4) 
0 O.3MO 
A 1.5000 
X 0 • .,8 
z 0.1998 
-
( '.1.2.,/4) 
,U 0.)415' 
A , 1.'911:., '" ::' 
X 0.0'18 
Z 0.1916' 
(U, 12·,/8) 
u 0.5S40 
A 1."40 
x 0.02". 
I 0.1954 
(0. U) 
u O.18fO 
A. 1.5080 
X 0.0;,11 
Z 0.2014\5 
-202-
Bubble Oollapee Data 
P 0.544 A\ •• .P 0.027 At •• I o at ~ 0.080 
It. a r .. I 1 I Ir n ., ) ., 
(v, 12-1/8) (v. Ul-l/4) . (v. 12-,/8) (v. ,....1/2) 
u 1.0334 u 0.9140 u O.1Q5 U· 0.6'18 
A 0.9999 A 1.2750 A- 1.5130 A 1.6490 
x 0.01." x 0.0116 x 0.0185 x 0.0198 
z lKl~D ·z 0.1960 z 0.1918 z lK19~ 
(v. 12 ... 5/8) (V, 12·'/4) (v, 12-1/8). 
u 0.5245 u 0.429' U 0.'545 
A ·1.6890 A 1.7'50 A '1.14'9 
x 0.0213 X 0.02,0 X 0.02"9 
z 0.2006 z 0.2021 Z 0.2034 
(w, 12-'/16) (Vi. 12 .. 1/4) (tl. 12 .. 5/16) (W, 12 .. ,/8) 
u 1.1660 u 1KM~l u O.99'7S u 0.8945 . 
A 0.9999 A 1.2190 A 1.4065- .. 1.5915 .' 
x 0.1523 x 0.0152 x 0.0155 X 0.0160 . 
z 0.1962 Z 0.1910 z 0.1980 z 0.1989 
(w. 12-7/16) (w, 12-1/2) (If. 12 .. 5/8) 
u 0.7965 u O.7rYrO u 0.5660 
A '1.7050 A 1.1810 A 1.8510 
x 0.0166 x O.OlT. x 0.0169 
z 0.1991 z 0.2001f. z 0.2011 
p o. 544 Atm. P e ,.('''7 Atm.Z 0.' Q. 0.080 
• J ;Dif~"K tt P'N.,t _,d'I"_"""_IiR"' .. ;_Jl_i __ Df_"I_"Dff_f_~_D_Ktf_r~_4K __ 
(x, a.l/4) (x. 12*5/16) 
u 1."00 u 1.2275 
A 0.9999 A ·.1.'900 
l 0.,0130 x 0.0128 
Z 0.1960 I lfll~9M 
(x, 1.2-1/a) ( 
u 0.81:50 
A 2.0070 
x. Oft01A1 
z O.20JA.· 
Ct, la."n.6) 
U 1.7500 
A 0.9999 
X 0.0094-
z 0.2003 
Ez~ 12-11/,.) 
U 2 .. 2180 
A 0.9999 
x 0.0074· 
Z 0.2014 
ft. 12"11/)11) 
u 1.G880 
A 1.4950 
X o.oose 
z O.aoc;rr 
(x. 12·'/8) 
U 1,,0900 
A 1.6710 
X 0.01" 
z 0.1999 
(y. ~·D/UF 
u 1.5600 
A 1.6900 
x 0.0092 
~ 0.2011 
(x, 12-1/16) 
U 0.9410 
A 1.8850 
X 0",01'39 
, O.tOOf 
(tt. 11-11/31 l 
u 1.9100 
It 1.4000 
x o.OO8JI. 
Z 0.2010, 
. -
(yt. 3.2-'/8) 
.. U 1.1500 
A 1.9200 
X lK~ 
~ 0.2015 
